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FOREWORD 


It is with great pleasure that we are placing this Selection 
(on a new and hitherto unprescribed Subject) in the hands 
of the M. A. students of Sanskrit in the University of Poona. 
The Sanskrit syllabi of the various courses in the Universities 
of our country are found to be rotating round kavya, philosophy, 
religion and a few other comparatively minor subjects. An 
outsider may think, and he would be justified in doing so, 
that the Sanskrit literature does not go beyond these sub jects 
and that this ancient land of ours did not give any thought 
to scientific and technical subjects. The University Grants 
Commission therefore appointed a Committee of senior 
professors drawn from various Universities in India and directed 
it to go into the question of reviewing and suitably revising 
the Sanskrit curriculum. The committee’s meetings were held 
in the University of Poona and in August 1989 it brought 
out a voluminous report containing many useful suggestions 
for improving the Sanskrit studies in our Universities. One 
of the suggestions was that a paper on scientific and technical 
literature in Sanskrit be introduced at the M.A. Level. The 
Board of Studies in Sanskrit, Pali and Ardhamagadhi of our 
University accepted this suggestion and resolved to prescribe 
portion of texts on subjects like Mathematics, Enginecring, 
Medicine, Chemistry, Agriculture, Gajavidya, Asvavidya etc. 
The present selection is on the subject of Mathematics. 


When the question of prescribing a text on ‘Ganita’ came 
up, the first and foremost name suggested by the members 
was that of the Lilavati of Bhaskaracarya. It was therefore 
decided to select and appoint portions from the Lildvati. As 
it is a text for a section of paper II of M. A. Subordinate 
level, it was necessary to restrict our choice to the basic functions 
in Ganita so that even those students who do not offer Sanskrit 


at the Principal level, should be able to follow the subject 
without much effort, the main aim being just to aquaint the 
students with the preliminaries of this science. Portion pertaining 
to addition, subtraction, multiplication and division is taken 
in this selection. This is a basic part of Arithmetic and the 
students will not find any difficulty in following it though it 


is in Sanskirt. 


Bhaskaracirya is the brightest star in the firmament of 
Indian Mathematics. He is Bhaskaracarya I as there was another 
mathematician of the same name who flourished in the 7th 
century. But our Bhaskaradcarya outshone him and all others 
who lived before him. He was a Maharashtrian Brahmin born 
in the year 1114 A. D. and lived at Vijjalavida, a town which 
cannot be indisputably identified today, but in all probability 
a village or town situated between Jalgaon and Chalisagaon. 
In the Goladhyaya of his great work ‘Siddhanta-siromani’ he 
gives information about his gencalogy starting from T rivikrama. 
He belonged to the Sandilya Gotra. Every ancestor of our 
author was learned and well-versed in the various sastras. His 
father, MaheSwara, was known for his great learning in the 
Srauta and Smarta sciences and specially in Mathematics and 
Astronomy. Bhaskaracarya learnt all these Sastras at the feet 
of this great Guru, his own father. In addition to being a 
great ‘Ganit’ Bhdskaracadrya was a Kavi which is a fact. He 
has written all his works in verse and his writings are not 
only mathematically accurate, but are also poetically charming. 
As he himself has mentioned in the last verse of the Lilavatt, 
he was in addition, well-versed in the eight systems of grammar, 
six systems of medicine, six of Logic, five of mathemalics., 
the four Vedas and the two Mimarnsis (the sacriticial science 
and the Vedanta) But in the end his mind was fixed on that 
One Brahman which is the Highest Reality in this universe. 
He left this world in 1193. | 


He wrote several works the chief among them being the 
‘Siddhanta-Siromani’ which he wrote in 1150 A. D. at the 
age of 36. This magnum opus consists of four parts - Lilavati, 
Bijaganita, Ganitadhyaya and Goladhyaya. In addition, he wrote 
‘Karana-Kutihala’, ‘Sarvatobhadra-yantra’ ‘Vivaha-patala : 
‘Vasisthatulya’ etc. Bhdskaracarya was the pride of India. He 
foreshadowed many theories which were discovered and 
developed by western thinkers two OF three centuries later. 


The Lilavati is the first prakarana in his Siddhanta Siromani. 
It was so popular that the great empcror Akbar got it translated 
into Persian by Abul Fazel. The second prakarana - Bijaganita 








also was translated into Persian by Atta Ulla Rashdee. He 
calls it “Pati-ganita’ i.e. vyakta-ganita i.e. Arithmatic though 
it contains some topics from geometry and algebra. It contains 
261 (or 277 or 288) verses.. All are simple and beautiful. 
It became so popular that as many as 24 commentaries by 
very learned persons have been written on it. There are many 
Stories about the name Lilavati. Some say that Bhaskardcarya 
wrote it for his daughter ‘Lila’ who was his pupil. Others 


_ Say that she became a widow at an early age and to amuse 


her and to keep her mind engaged her father wrote it. Still 
others say that the name refers to the easy and flowing style 


of the book. It is hard to believe any of these except the 
first one to some extent. 


When the question of text-book on Lilavati came up, the 
only way was found to be to write an widependent, new text 
for the students. The only person, who was whanimously thought 
to be well qualified for the job of translating Lildvati was 
Dr. M. D. Pandit. And fortunately enough, Dr. Pandit also 


kindly agreed to do the job. 


Dr. M. D. Pandit of the Department of Sanskrit and Prakrit 
Languages, in our University who is an expert in the fields 
of Veda, Vedanta, Vyadkarana, Sanskrit Mathematies 
Astronomy, Astrology, as well as the modern science of 
Linguisties and Comparative Philology, and who has a number 
‘Of research-publications of the highest order to his credit, has 
accordingly prepared an excellent edition of the first 30 verses 
of the Lilavati. It contains all the necessary material on this 
subject and the students will derive great benefit from its use 


both in understanding the subject and in preparing for the 
examination. Sy, 


Ahmednagar, 


Prof. N. N. Kolh , 
August 1, 1992. apure 


Chairman, 
Board of Studies in Sanskrit, 


Pali & Ardhamagadhi, 
University of Poona. 


(1) 
Preface 


1. Introductory : If we try to trace the history of mathematics 
in India, we find that we have to go as far back as the Vedic 
times. Though mathematics is not the subject or scope of the Vedas, 
they do contain data relating to mathematics. If we search for such 
mathematical data, we find that the number-system as enunciated 
by the Vedas is not different from the one which we are following 
throughout the world today. Actually, the. truth is that we have. 
based all our present mathematics on the number-system of the 
Vedas and that we have not contributed anything to and not improved 
on the Vedic number-system. , 


The chief characteristic of the Vedic number-system is that 
it takes the number ‘ten’, dasa (written in symobols as 10) as 
the base or verandah ‘for changing over to the next rank or level 
or series. In other “words, the Vedic number-system is a decimal 
number-system, dividing the number-ranks on the basis of 10 and 
its multiples. Another characteristic of the Vedic number-system 
is the value of the numbers in terms of place or what in modern 
mathematics is called as the rank or level. Thus, from numbers 
1 to 9, we have all single-digits, but from 10 onwards upto 99, 
we have two-digits; from 100 to 999 we have three digits and 
so on. Though in numbers 99 or 999 or 9999 all the digits are 
identical viz. 9, their .value differs according as they are placed 
to the right or the left in the number. Thus, the left 9 in 99 
is ten times greater in value than the right 9; the left 9 in 999 
is hundred times and ten times greater in value than the second 
left 9 and the right 9 respectively. The place-value notation thus 
proved to be of great advantage in developing the number-system. 


One of the most important result of the place-value notation 
has been that it gave rise to one of the greatest invention in 
mathematics, viz. Zero, which revolutionised the mathematics of 
the world. Thus, when there are two places and the digit is only 
one, the other place which remained vacant after writing the one 
digit was indicated by zero, symbolised as O. Thus, if there are 
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the two places of ekam and dasa, and only the number for d2éa 
is given, the ekam place was symbolised by zero; to illustrate, 
if the number 9 is given as occupying the dasa place and no number 
for ekam place is given, the whole number was written as - 


dasa | ckam 
9 0 





Because of this device of indicating the vacant place or rank 
or level by zero, the number-system with its potetiality increased 
infinitely could be theoretically expanded upto any infinite limit. 
Thus, we can go on expanding the number-system starting from 
1 as 1, 2... 10... 100... 1000... 100000000 to infinity. And it must 
be remembered that all this has been inhcrited by not only Indians 
but the whole humanity from the Vedas which are the oldest literature 
of the world. Even the. Vedas refer to still older scientists from 
whom they have borrowed this knowledge. The number-system in 
the Vedas is also a fully-developed number-system. This will show 


how much ancient the tradition of Indian mathematics! is 


History’ tells us that the Babylonian mathematics had a scale 
of sixty; also that the Mayan mathematics was based on twenty. 
Yet, in spite of the spread of these ancient scales, the Vedic number 
- system based on ten surpassed them all - s9 much so that like 
the Paninian grammar, it not only surpassed all these mathematical 
systems but threw them, first, into back-ground and then into total 
oblivion; the number-systems, other than the decimal, have remained 
only in history and have gone totally out of use in mathematics. 
Even the scales of Twenty and Sixty came to be transformed in 
terms of the scales of Ten. This state of affairs Speaks for the 
convenience, case and the most natural Suitablity of the Vedic number 


1. for details, of M. D. PANDIT, Mathematics As known To the | 
Vedas, Indian Books Centre, New Delhi, 1992, 


2. cf D. E. SMITH, History of Mathematics, Dover Publications, 
New York, 1958, Vol. I, PP. 35-52. 
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system based on the basis of ten and on the place-value notation. 
The reason might be that the base ten seems to be the most natural 
one and suitable to the present structure of the universe. 


2. DEVRAO UKHA SHET YERANDOLKAR who translated for the first 
time Lilivati has quoted some verses on the traditions of some 
rsis who were the mathematicians in ancient India. These verses, 
he says in his Prastavana (= Introduction to his translation), were 
sent to him by his friend, Shri WAMAN VYANKETESA EKBOTE, 
Sangamnerkar, Nimtandar, Nisbat Gackwad Sarkar. EKBOTE, it 1s 
said there, collected these verses from different books which are 
unfortunately not mentioned in the Prastavana. The source of these 
verses is, thercfore, totally unknown. The verses are reproduced 
here only in order to bring to light the fact that although we have 
very scanty information about the mathematical activity in ancient 
India, there had been a very extensive study of mathematics and 
that the ancient Indian mathematicians were not ignorant of the 
status of mathematics as a pure science. Even the study of 
mathematics had different and long traditions. The verscs are as 
follows. Mathematics, as will be clear from the following verscs, 
was called in ancicnt times as the aftrde :- 


facratserckadea mitre Garsray | 

TTT Ufeat as cere tl 1 ll 
aa: woof cat cat Gepernty | 

Asari wi aferdeqarfeerd i 2 
wna aacnyt tarerka vara: (a: ?)! 
Ta dea aA weae_ Se 
Wat Aa: Gee WAIT: | 
ddistkeadl aif atfenfgariat 4 il 


gercaistRatiat dR TRI: | 
aia waa: wet eecraisft 7S ll 


wacha amelie weaq: areaarstt at | 
are) ameas arhoea: afore: i 6 Il 
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ifsea: Wepwvsvy; Maas sila: | 
Macarena aia: whee: 1 7 ou 
ede Weal He: SRR St | 
aio dora: pret serait: 8 it 
fexomars citnfér, sreeitar a attra: | 
dare aeksearddary Fels: 1 9 1 
ea a yfifrara: wifat fararfaa: | 
Raat BAAel wTA Aenea 1 10 Wh 
Taare ara Beko 
gear Tae ceaaMParasz it 11 
geda UW aft we War Aga Fer | 
wat card dsa afi ¢ waa 12 1 
PSP TAMARA Hey | 
SO Gat WIG sa BP: 13 
Wet at fe wats: wéort 4 gfe 
aot Gerard aerag ag 14 
TAS Hat yerafaas Aa GT | 
dd Awe: taeda af a 15 1 
STARA Ager area | 
sq aft (a) dant getsyefta=a: 1 16 11 
mera Ud TRL Wee BAST | 
fefa caval cat: scat arfeatet Gsgaq 17 1 
ama aay fase: | 
HafeaauSsel HER: UR: 1 18 1 
Hala Mya Ale ANAS: | 
gael MHata caferalfers 71 19 1 
AMINA: GRA arate: 
qe: pafeat gen afdet coat eR: 1 20 1 
Tape Wax PHA ATM | 
aged BVI: fads 21 
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Torsten art vet Afereeaa: | 
Weleda Wega We Ste: 11 22 I 


wd mA a alors freq: smeraden: | 
fatatt (al + 3) aa ul 23 WI 


UaIR: prenrer aftiffet gare | 
Sue UA afese a cad i 24 I 


aca, TaRifae: FAS: reer eee | 
Tyas seat er a ferent wag Wl 25 Wl 


We know from the last verse that one eam, a disciple of 
a mathematician sage, imparted the knowledge of aforfder to a foreigner 
- traveller called Hema; the enranged sage then cursed Mca" and 
reduced him to ashes. This meta then seems to have taken the 
knowledge of mathematics to other countries. The whole history 
of ancient Indian mathematics requires to be studied very deeply. 


3. In spite of the advanced stage of development and the highest 
degree of. the convenience and ease of notation, the mathematical © 
system in India seems to have been neglected as a theory. We 
do not get even a single book as a text on pure mathematics of 
real/complex numbers before the times of Bhaskaracarya- 
Bhaskaracarya’s Lilévai7 is the first known text on pure mathematics 
of real numbers. Why ? 


The reason seems to be that we find that mathematics in ancient 
India, even in Vedic times, has always served as the hand-maid 
of other sciences like Astronony and Astrology. It never seems 
to have been separated from its applicational nature. All the books 
on Astronomy right from the first astronomical treatise of Vedanga 
Jyotisa to those by Aryabhat I and I and Varahamihira, employ 
mathematics to their purposes and do not scem to care for HS 
status as a pure and theoretical science. The same state of affairs 
exists even in the times after Bhaskaracirya. In a sense, 
Bhaskaradcarya’s Lilavatz seems to be the only perfect text-book 
on mathematics, explaining and stating the rules and methods of 
the different mathematical operations. The Vedas, and ‘all the 
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consequent Sanskrit literature up to the times of Bhaskardcidrya 
have applied mathematics in other sciences; but none of them scems 
to have attempted its development as a pure science. In this sense, 
the importance of Bhaskaracarya’s Lilavat7 can hardly be exaggerated. 


4. Bhaskaracarya :- Bhaskaracirya was a mathematician as well 
as a learned astronomer. He has written two books which have 
been held as authoritative even to-day. In astronomical matters, 
he improved on Brahmagupta as well as Aryabhata. The titles of 
the two books are : arash and gewaged. 


Bhaskaracadrya seems to have been born in Saka 1036 (= 1114 
AD) and he wrote his ftraraffrtaftr in Saka 1072 (= 1150 AD). 
This is clear from his narrative of his own self in verse 58 in 
the chapter on Temeam in frarafsrtt. The verse runs as follows -- 


wage! (= 1036) warEqAasnay HAG: | RT (= 36) af am 
fara xe: it 


He has also written his own commentary called aaAaner on 
the two seams of deaf and We in his Mera. He wrote 
the other book called ewe in Saka 1105 (- 1183 AD) as 
his remark in the IRMMTSI, viz. Ta Masa HAT Het BPI shows: 
also his acceptance of 11 aaAigt points to the same date for the 
composition of @Wgdec viz. saka 1105. This means he composed 
gripe at his age of 69. 


From verses nos. 61 and 62 in the ara, we get some 
information about his family. His father’s name was eax and his 
Na was sfesea. He resided in a town called fase or Asahe 
near the ranges of the Sahya-mountains. After all pros and cons 
of the above statement, S. B. DiksITA (cf ARdta salads, P. 247-248) 
comes to the conclusion that fasefds seems to be the modern Tem 
near the village wads on the border of the Nashik and Aurangabad 
districts. N. H. PHADKE (of. cfetacl Steet, wear, PP. 16- 17) does 
not accept the above argument. He, however, expresses total inability 
to locate the town fasefas. The verses nos. 61 and 62 are as 
follows :- 
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arid, dapeardenftrage aaa 

ARRAS facts sifseatat fect: | 

streadtararRag fateh: 

wears Cassar: u 61 

TARTAN STATE: Bea: 

Pulcadar fdeeporepaaye weper | 

farmer pafeqad an afufee: 1 62 | 

The inscription by #1ed, who was a prominent astrologer in 

the court of the king fear of aaftet (from Saka 1132 to Saka 1159) 
and who was the grand-son of Weerari throws some more light 
on aRERTAR’s family>-tree. The verses are as follows* :- 


aftseadst afanacif 
PAs Gate TT: | 
at ARMA Haft 
fderoicuRepersart 17 i 
TAS Wiest ara Metcafert: | 
TURN: GIST THTee gqTGN: 1 18 I 
CAAA Get: Wat GAR: | 
aT Aeararkadisa adler: i 19 Il 
ING: Sleg<ateave: wgdeftenena- 
ee: pakRgrafeare: adden: | 
cory: Ue sist al flafed est facet what 
ar Maat: rae wehigoafyd: 20 tl 





3. The inscription, deciphered and discovered by Bhau Dai, oma 
first printed in JRAS, Vol. I, P. 414; it was again reprinted In 
Epigraphic Indica, Vol. 1, P. 340, It mentions the name of the 
town eq. , 

4. .N. H. PHADKE (ibid. p. 200) has quoted the full text of the 
inscription. Only relevant portion is quoted here. He has also 
reproduced a eMuq to area in Ahirdni language (p. 201) 
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ASH ARA SheroRyp TAT 
qarlfad, afcharaacif | 


hoi haHwsfraRar 
faereel ARRAS W211 


UdararicsisaA Aca Gerad: | 
Vater Ul Alt: Hae fagurac: 1 22 1 





faded: God AS a: 1 23 11 


aReERfadeen: erat: | 
CGT AAMT AHS PAARL We I 


The above 8 verses give us the following family-tree of 


HRA :- 


out of which the 3rd name AR from below refers to the present 
— aneerarf, the author of elena. Though after, 2nd from below, 
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was invited by king <t7ure to serve in his court, and also Wied 
was the royal astronomer and astrologer in the court of the king 
Rigg, ura is nowhere mentioned as belonging to the court 
of any king. 


Besides the two books, Bhaskaracarya is also said to have written 
two more books, one entitled apepeeader and the other called 
(HIKpep) faaredecdt. But the authorship of these two latter books 
is doubtful. 


5. Lilavatt : The book called Lilavatr forms the first Adhyaya or 
Khanda of Bhaskaracarya’s big work entitled farakrmr. The work 
Rear is divided into four main Adhyayas or Khandas which 
are again divided into smaller sub-Adhyayas Or sub-Khandas. They 
are (i) Lilavati, (ii) Bijaganita, (iii) Ganitadhyaya and lastly (iv) 
Goladhyaya. While the chapters (iii) and (iv) are applied mathematics, 
as applied in astronomy, the chapters (i) and (ii), viz. Lilavati and 
Bijaganita are pure mathematics of known and unknown numbers. 
Again, Bhaskaracairya seems to divide mathematics into two groups, 
viz, Gata and ser ara. Of these, Lilavati forms the part of 
attra and Bijaganita forms the part of apf. Thus to represent 
the contents of fara in the form of a diagramme, : 


Ganita | 
Applied Mathematics - Pure Mathematics 
(Applied to Astronomy) a 
1. aferareara aatra ean forat 
2. menearad 1. cera 1. dorfera 


arent is also called as Wert or siete; geared is called 
as atamfora. Thus we can see that the structure of Rarasrraer is 
based on a definite pattern. 

Though Lilavati and Bijaganita form part of a bigger field of 
mathematics and of a single book called marae, they are written 
in such a way and style that they are self-sufficient and donot 
require the help of other parts of the book. They thus create an 
impression that they are independent works. Such is not the case 
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with the other two parts viz. aftraear and arene. 


The contents of Lilavat7 relate to two main topics in mathematics, 
viz. domi, dealing with the real numbers and their operational 
relation with one another and 4eqAn, concerning with the finding 
out of areas and volumes of things. The whole text is prefixed 
with different tables of measurements of weights, volumes and length. 


Lilavati contains in all 261 verses according to N. H. PHADKE. 
YERANDOLKAR’S edition shows the total number of verses as 280 
and S. B. DiKsITA mentions the total number of verses as 278. 
It is difficult to decide the exact number. A critical edition of Lilavaty 
is a desideratum. | 





6. The title Lilavat7 :- There are a lot of legends about Bhaskaracirya 
and about the title of his text-book on uremia, viz. Lilivatr If 
the number of legends about a person is any criterion of his tame 
and name and popularity, Bhaskaricarya can safely be counted as 
the most famous and popular personality of his times, and even 
of later times, since no other personality in the history of Sanskrit 
literature has the fortune of getting so many legends. 


According to one tradition or legend, which is current only 
in Maharastra, LilavatT was the namé of his only daughter, who, 
through some miscalculation of vivaha-muhdarta on the part of 
Bhaskaracarya, had to suffer widowhood. After this. unfortunate 
incident, Bhaskaracdrya brought her back to his hou 


se and taught 
her mathematics. 


According to the second version of the Slory, Lilivat? was his 
daughter; but sensing, on the basis of the calculation of the 
planet-positions in her horoscope, that she would be widow, 
Bhaskaradcarya cancelled her marriage altogether. Lilivat? then 
remained unmarried for the whole life. Bhaskardcarya then taught 
her mathematics so that she could pass her leisure time. 


But taking into consideration the times in which Bhaskaracarya 
and Lilavati lived and in which learning of any kind - much less 
greafaet was denied to ladies (and Lildvatt was a widow) it is 


(11) 
not possible. to believe the first legend. . 


As regards the second one, it is impossible to imagine that 
any wise father would keep his daughter unmarried for fear of 
her widowhood. 


The third legend, which is current in the North India, pictures 
Lilavatt as Bhiskaracirya’s wife who did not beget any son for 
him. Bhaskaricirya, therefore, taught her mathematics to enable 
her to spend her pastime. 


This seems to be totally false because, om the basis of the 
inscription quoted before, Bhaskaracarya had’ a son name 
Laksmidhara. 


The fourth legend narrates that Lildvati was the daughter of 
a teacher under whom Bhaskaricirya studied mathematics. 
Bhaskardcirya and Lilavati loved each other. When the time of . 
separation came at the end of the study, Lilavati urged Bhaskaradcarya 
to marry her. But, since according to Dhannasgastra, Lilavati was 
related to Bhaskaricirya by-the relation of a sister (such a sister 
is called guru-bhagini, ‘sister through the relation of one ’s guru 
i. e. teacher), Bhaskaracirya declined the offer but at the same 
time promised her to write a book which would be titled on her 
name; and that book was Liflavati. The story is really romantic, 
fit to form the subject-matter of a romantic drama, yet it Is without 
any evidence. Actually, the evidence of the family history given 
by Bhaskaracarya himself, viz. THRTTOMAAS BTCA MCT SATS: (cf. verses 
61, 62 from Weta quoted before) points to the contrary fact 
that he studied under his own father and that he had no other 
teacher than his own father. This legend prevails in the Malawa 
district. 

It will be clear from the above discussion that the name Lilavati 
does not happen to be a proper name of a girl/lady related to 
Bhaskaracarya. 


Then what is the explanation of the title Lilavat7 of the book ? 
The following two explanations may perhaps throw light on the 
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problem. 


The word Lilavati is a fem. of the word Lilavat which is a 
taddhita formation from the word Liz The word Jia signifies 
many meanings such as ‘play, sport, amusement’ and also ‘charm, 
grace, beauty’ etc. The latter meaings viz. ‘charm, grace, beauty’ 
ctc. are more suitable in the present context since it is fem; and 
the derivative Lilavat7 will mean one ‘possessed of charm, grace 
or beauty’ etc. The word is also a fem. adjective; and it would 
then have a feminine substantive such as pau referring to saaftre 


or Oreliftra, 


The word et, it should be noted, actually occurs in the first 
verse of the text. The word /fgvat7 together with the word par 
to be borrowed and supplied from verse no. | would form a phrase 
like citerail act, meaning ‘the arithmetic with a charm of its own’, 
or if we accept the meaning of ‘sport, play, pastime’ etc. for the 
word cile, the whole phrase would mean ‘arithmetic, with ease, 
sport, play, pastime’ etc. The whole litle of the book would then 


be efteadl orc. 


Another explanation of the title dana offered here is based 
on a certain way or custom or method of Study in ancient India. 


We know that the Brahmins in ancient | 
Vedas and all its six auxiliaries (j. e¢. %S#) daily as their sacred 
duty. But the task of reciting daily all this gigantic and bulky literature 
was an impossible one. They found out a way. What they did 
was to recite only the first line of the text concerned; jit was a 
symbolic act of recitation, symbolising the remembrance and 
recitation of the whole text. It was decided that by reciting the 
first line of the text, the whole text was taken to have been recited 
fully. All the first lines of the sacred texts were then collected 


together, and the whole composition was entitled as TASH, 


ndia used to recite 


It will be seen from the text of 3east (Vide Appendix E) that 
each of its sentence reminds and refers to each of the Vedic, 
Brahmanical, Upanisadic texts, as also to the ues of the Vedas. 
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Thus, the line aftr yxifeay_ refers to Rgveda; sf caf at to Vajananeyi 
Samhita and so on. | 


But surprisingly enough, the science of mathematics 1s 
conspicuously absent from the list of sacred texts. The reasons 
may be that either mathematics at the times of the Jaa composition 
was not developed as a pure science or was not accepted as one 
of the aaIs’s, or, that the science of mathematics did not have 
any authoritative text-book which could be referred to and recited 
daily. Be it as it may, but the fact ‘s that the text of aéast does 
not contain a reference to any mathematical work in its times. 


Taking clue, perhaps, from the practice and fact that a book 
can be referred to by its initially occuring passages, stanzas OF 
words, Bhaskaracirya gave the title Lilivat7 to his work. The word 
lila occurs in the stanza elemeaqdaeia etc. It is from the initial 
word Ji/Z in the stanza that Bhaskardcdrya derived an adjectival 
form Jiavat with the taddhita suffix - vat; and since arithematic 
was called wef or simply wel, the derivative lilavat was 
transformed into its feminine as /fivatz. And it is with this name 
citaradt that Bhiskaracarya himself designated his work. We cannot 
say whether Bhaskaricarya intended his work to be included in 
and recited with the Vedic texts listed in the Teast text. Yet, that 
he tiled his work by mentioning the first word of his text, after 
the fashion of 3aast text, cannot be totally lost sight of. 


An important point requires some explanation. We have said 
above that the initial word cflet in the verse has been used to 
name the whole work. But the problem is : in the text of cierad 
which has come down to us, the verse Aarmaaaata is not the 
first verse but occupies the 12th position, and the first place 1s 
occupied by the verse Wf waar. How then can we take the 
word dat and the verse in which it occurs as being in the beginning 
of the text ? 


If we examine the arrangement of the text of ateradt, we find 
the first section called ‘the gRur’ deals with the different technical 
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terms, scales and the exchange-tables for the coins, weights, 
measures, length, area and volumes. This section therefore does 
not seem to be strictly mathematical since it does not state and 
involve any mathematical operations; the section seems to be included 
in the initial part as an @ prior! acquaintance with the technical 
terms given in the later, strictly mathematical, part. The real text 
of cictad, as a text on pure mathematics begins actually from the 
verse cilee. We can, therefore, safely say that the word cla is 
the first word of the citeradt text. 


Or, it is also possible that the tables relating to exchange of 
scales and measures in the Rr section might have been part 
of an independent text and are included later on in the initial part 
of citetadt for convenience of casy and ready reference. They could 
also as much have been appended at the end of the text, since 


they are not an indispensable part of strictly 8 mathematical operations 
of addition, subtraction etc. 


7. Literary qualities of the text :- 


The text of Lilavati, as we can easily see, jis composed jin 
verse and not in prose, as has been the practice of the ancient 
Indian Sanskrit scientists. The only motive behind the versitication 
seems to be that, since the knowledge was handed down orally, 
poetry or versitication proved to be of great value and convenience 
in oral traditions. In spite of the dry and purely theoritical nature 
of the sciencé of mathematics, Bhaskaracarya seems to have tried 
to bring as much literary charm in his com 


! positions as possible, 
and his versification does exhibit certain litera 


ry qualities and mertits. 


7.1 The first glaring quality of the composition that strikes one 
is the address of the teacher to the Student, by the words acl, 
aed etc. In all there are in the present text five such words used 
as address to the disciple; they are : a, Hfaafe TMeagVelawayy, 
ecattit, we. All these adjectival addresses to the Student show 
the love, affection and fondness tendered by the teacher for the 
students. Four of these adjectives are in the feminine and only 
one viz. Wf in the masculine. This does not mean that the students 
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included more girls or that Bhaskardcarya was really teaching a 
girl called citeraat. It only means Bhaskaricarya took double advantage 
of the name cicadl, which is the name of his work as well as 
which can also be used as a proper name of a lady. The name 
Ataradt occurs as the name of the book in verse no. 260 (eitenaile 
aRlhyaev), as also as the name of a lady in verse no. [2 
(a atet citetrafc). 


From another point of view, the adjectives address the erat 
as a book. The rules of mathematical operations given in the text 
are the real help to the students in solving the mathematical problems. 
The address to the book derail would, therefore, mean something 
like : ‘O cferad (= the text), solve the given problems contained 
in yourself.’ Such an interpretation would then take Bhaskaracarya 
to a still higher level of poetic fancy from which he is viewing 
his own creation. It is like Cassius in SHAKESPEAR’S Julijus Ceasar 
speaking “O Hands, speak for me’ while assaulting Ceasar first: 


The phrase dagetetaaa really exhibits poetic fancy and height. 


7.2. Another characteristic style of Bhdskaracarya’s composition 1s 
that while treating the students very fondly and affectionately, he 
at the same time challenges them to solve the mathematical problems. 
Thus, the phrases like afe am... aff geet (Verse 12), ale Heal 
afi (Verse 16), UTR Aq (Verse 20), gafigiedife asa vic (Verse 
22) and afe adshta vat aff: (26) throw a sort of encouraging challenge 
to the students; the challeges are neither worded in strong or rude 
words nor are meant to discourage them. They show Bhaskaracarya’s 
affectionate attitude towards his disciples. 


73 As a poet, Bhdskaracirya seems to be very much fond of 
the aqunNmcdar. The following are some of examples of HERTTA 
from the thirty verses taken here for study. 


7.3.1. Repetition of a :- Baamestalferaciarai, (Verse no. 1); 
Aermaqaecararataka Aarts (10A); set cerait (14); 
Tet Wepeicieray (16). 
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7.3.2. Repetition of e< :- fafe gaffafe (22): 


7.3.3 Repetition of words :- Hfafa (12); aeare means (16); dase 
UAT (26). 


These examples are collected only from the portion from verses 
I to 30. A thorough study of the whole text from literary point 
of view may throw more light on the literary qualities of Bhaskaracirya 
and may bring to light greater use of more WaAPR’s. It may also 
be remarked that the ancient Indian scientists, including the Vedic 
sages were poets of a very high order; even while treating the 
dry, theoretical subjects like mathematics, they did not lose sight 


of the human and poetic element hidden in the very nature of 
man. 


8. Tam very happy that the Board of Studies in Sanskrit, University 
of Poona, Pune, has introduced Bhaskaracarya’s Lifavati as a subject 
in the curriculm of the MA course in Sanskrit. The portion prescribed 
covers the eight mathematical operations stated in the first 30 verses 
of Lilavati. The subject of Sanskrit mathematics didnot uptill now 
find a place in the curriculum at any Stage of higher education, 
and to introduce Li/avat? was the necessity of time. Because, the 
real stage of development of a civilisation can only be known by 
the knowledge of its mathematical science. And if Indian civilisation 
is of a very high order, it could not attend that status without 
progress in mathematics. To know the Stage of mathematical 
knowledge of a civilisation is just not information but is necessary 
to measure its greatness. I congratulate all the members of the 
Board of Studies in Sanskrit. 


Iam extremely thankful to all of them, expecially the chairman, 
Prof. N. N. KOLHAPURE, and Dr. V. N. JHA, the Director of the 
Centre of Advanced study in Sanskrit for €ntrusting the work of 
the translation of Lilavati to me. The text is to be taught from 
June 1992 itself. I had a very short time at my disposal to finish 
the work. But that I could finish the work within a period of one 
month is a matter of relief to me that I could justify the trust 
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the members of the BOS in Sanskrit put in me. 


I must, however, mention one thing. Because of the short time 
at my disposal, some mistakes in the form of ommissions might 
have inadvertantly crept in in the work. The readers, I hope, will 
certainly pardon me for the mistakes. 


I also thank the Veda Vidya Mudranilaya for the prompt, efficient 
and decent printing. 
Pune M. D. PANDIT 
15th May, 1992, 
Nrsimmha Jayanti. 
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MW Wena: 


Verse No. 1: 


ie wRrTeT at oad Ret Ren we: ¢ FaRngeaPead sear AAA 
oet wafer «af | oageilfauci «gener | Wfarmeratronmautaiica 
aera 1 

Padapatha : ORR TR a) ore 1 RET ARE Br 1 a 
TeeGate | AT TTL) Ore |e | oafea | 
ageaiawery, | Teper | deren: | onfercaterady 1 ti 


Construction Sa 


a: fet fer wnorrea Me oad (sft) ep:, & garngecaReadd 
TI Aca (sé) agalfayel wepel wWetmeraersane: Afeieacnharagay 
Veattrrs oet afer i 


Translation :- 


Bowing down to Lord Ganapati (lit. elephand - headed One), 
who is known (lit. remembered) to inspire reverence (iit. love, 
affection) (in the minds) of the devotees (because he) dispels (lit. 
kills, destroys) (all) difficulties, who is (lit. whose feet are) worshipped 
(lit. bowed) by the groups of gods, I lay down (lit. speak out) 
the rules (or methods) of pure mathematies of real numbers, (entitled) 
‘Lilavati full of interest’ (lit charm) which creates interest (lit. love) 
in the skilled persons, (and) contains clear, (yet) brief, smooth- 
sounding, defect-less letters and words. | 


Notes :- 
arog: - FRE Ie aed We weq ee | 
qd: - AR aad aad BI a: 


ageatgear (9) oie gear sft dager (2) agROm | age: wager 
age-aa-Tel 


(19) 
GiseaeRareaycada - 
(9) afaeyq sary Ufsrarerez | 
(2) aaah a act a acres | 
(3) dferererrfr a ararsenfl dfaarararsarentt | 
(3) afaeeratarenh cai Gea a | 
(4) ofecactoadt - afd gn eanferagar | cmferagn ofenadl 
ciferaenenaat | 


a - lit. method as in Rare; here it means the arithmetic; Tel 
= aéhiferd. 


ta: = lit. remembered; but here ‘known, famous.’ The word can 
also be construed with the phrase fated faffet and the whole phrase 
would mean ‘one, who destroys all obstacle by simply being 
remembered.’ 


We - ahr = Ue, Terry Beery | = pure mathematics of real numbers, 


as different from what in modern terminology called as the applied 
mathematics, and also mathematics of complex numbers. 


Though the study of mathematics in India can be traced as 
far back as the Vedic times, it was ‘used only as an auxiliary science, 
as a help to the sacrificial, astronomical and astrological studies. 
In that sense, mathematics has always been treated as an applied 
‘science and never seems to have developed as a pure science, 
until the time of Bhaskardrya. Bhaiskararya’s Li/avati is the first 
known text-book on mathematics as a pure science in the history 
of ancient Indian mathematics. All other sciences like Astronony, 
Astrology, Sacrificial performances etc. have simply taken the help 
of mathematics, but no attempt scems to have been made to develop 
mathematics as an independent, pure branch of knowledge. It has 
always remained as a hand-maid of other sciences. It must, however, 
be mentioned that wherever mathematical methods and theories 
are used in other sciences, they exhibit a sufficiently higher knowledge 
of mathematical methods; cf. for example, the su/ba-sutras (cf. 
R. P. KULKARNI, Car SulJbasatre in Marathi, Maharashtra Rajya Sahitya 
Sanskriti Mandal, Bombay, 1978) which use a good number of 
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higher geometrical methods; Or even the portion in Varahamihira’s 
Brhatsamhita, dealing with the caradhyayas of the nine planets, 
or even Aryabhatiya of Aryabhata I, bear testimony to the fact 
that mathematics does not seem to have been neglected; on the 
contrary, mathematics scems to have been slowly progressing, 
enriched by various methods regarding the known and unknown 
quantities and areas and spheres. Yet, the fact remains that it has 
always remained an applied science and never developed as an 
independent, pure one. The importance and merit of Bhaskaracarya’s 
works on arithmetic, algebra and geometry lie in the fact that he 
has tried to collect all the theories in these branches of mathematics 
together and give us a text - book on pure mathematics and not 
as a hand - maid of some other science. This is what is meant 
by the phrase ¥¢ - aft. 


Why mathematics did not develop as an independent, pure 
science, we donot know. Perhaps it is possible that many text-books 
on the subject might have been in existence in the times of the 
Brahmanas, Sulba-sitras, Aryabhata and/or Varaihamihira; but they 
or their traditions might have been lost. Secondly, it is also posible 
that the knowledge of pure mathematics might have been so much 
well-known and wide-spread in those, pre-Bhiskariya times that 
they did not think it necessary to write a separate text-book on 
pure mathematics; the knowledge might have been utilised in 
day-today life by the pcople. Thirdly, it is also possible to imagine 
that the knowledge of pure mathematics might have been purposefully 
kept secret from common people for the purposes of sanctily and 
sacredness. Fourthly, it is also possible that because of the extremely 
abstract, and hence complicated and difficult nature of the subject 
of pure mathematics itself and all the theoretical methods therein, 
its study gradually was on the point of waning as the days went 
by and the subject was totally neglected and forgotten by the people, 
even by the scientists of the times. Whatever the reasons, there 
seems to be a very wide gap between the period when mathematics 
was used extensively on a wider scale in Astronomy, Astrology, 
Sacrificial geometry etc. and the one when suddenly, in the form 
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of Bhaskaricirya’s Li/avat7 the subject, as a pure science, appears 
to have entered into the phase of mathematical renaissance in India. 


It must, however, be stated that though the phrase weft 
may refer to the branch of pure mathematics, no such phrase as 
srqaifirt is even seen to have been employed in the whole of 
mathematical literature to refer to the branch of applied mathematics. 
Actually, the ancient Indian mathematicians do not scem to have 
made any such distinction as ‘pure’ (ie. Aq) and ‘applied’ (i.e: 
3Riq) in mathematics. 


As is well-known, mathematics includes the four main branches, 
viz. the arithmetic, algebra, geometry and trigonometry. Out of this 
get or weft, also called as afta, refers to the arithmetic, 
which deals will different relations of numbers, both positive and 
negative, real and imaginary. The algebra, called Somifera or searfora 
in Sanskrit, treats the relations of unknown quantities; it uses only 
unknown quantities like a, HI, aI etc. The geometrical studics aim 
at studying the areas and volumes of the space. The geometrical 
studies, therefore, examine the entire space. The Sanskrit words 
for geometry are Affe or safe (from which the latter’ word 
‘seometry’ in English has been derived). The trigonometry forms 
part of geometry and is rendered as feral in Sanskrit. 


The phrase 8<-7f1 may also refer to the true and higher methods 
which bring out the relationships of numbers. It is just not sufficient 
to know the relations of numbers in terms of only addition and 
subtraction. Besides these simple relations, the numbers exhibit other 
relations also viz. the multiplication, division, squares and square-rools, 
cubes and cube-roots, fractions etc. Without knowing all these relations, 
it is not possible to understand the working of numbers in all their 


aspects and realms. , 
ee 








(22). 


Section 1 (The Paribhasas) 


The ordinary language which is used in daily communication 
is insufficient to, or even incapable of meeting the needs of accuracy 
in scientific considerations. Every science, to be absolutely accurate 
and exact in enunciating its statements, principles and theories, 
requires a special type of language. Let us, for example, take the 
word vwrddhi. In daily communication, the word signifies the sense 
of ‘growth, development’ etc. from vrdh ‘to grow, develop’ (cf 
Paninian dhatupatha, vrdha vardhane). But when Panini wants to 
use this word in his grammar, he finds it to be absolutely useless 
for conveying the grammatical sense of the wrddhi of J, u into 
ai, au. Though, therefore, Panini borrows the word from the Ordinary 
speech of the people, he ascribes a special meaning to it in the 
sotra, vrddhir ad dic, 1.1.1. In other words, he defines the genera] 
word vrddhi to give out a special, technical meaing. All the sciences 
have to follow similarly this type of exercise of ascribing new, 
technical meanings to the words of daily use in order that the 


theories of knowledge that they propound and explain must be 
very accurately and exactly worded and stated. 


The rules of defining the simple words of daily use and investing 
them with definite, techincal and scientific meanings, which are 
different from the meanings the words convey in daily communication 
are called by the name ‘paribhasa,’ as against the bhasa which 
refers to the general, traditional meanings accepted by the people 
in their daily communication. 


The present section of Li/avati deals with the paribhdsas of 
weights and measures. But it is to be remembered that Bhaskaricaryg 
does not define in this sections all the techincal words in Mathematics. 
He has defined only those words which are used in weighing ang 
measuring and the coins. 


Verse - 2 FCM cane aq a Sieh Te Waa: 1 I Sse SAT geIaTAQh 
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gAraen stsafta fee: uw 2 1 


Construction :- aq aweari eaned a arfect | ara aera: (eres: ) TT: | 
a dsa (sor:) at: (sf) ge (aaafiraars) satan 1 det a sisaft: oF: 
fS: (aafca) | | 


Translation :-’ What are Two Tens (i. e. twnenty) of Varalakes, 
(they make) one Kakinj; the four Kakinis (make) one Pana; the 
Sixteen (Panas) (make) one Dramma (this is what is) to be understood 
here (in this science of Patjganita); and (lastly) by Sixteen Drammas 
one Niska (is to be understood). 


The verse lists all the coins of the times. It gives the Table 
of equivalence of the unit coins used in the times of Bhaskaracarya. 
In terms of a Table, it is as follows :- 

20 varataka = 1 kakini 

4 kakinis = 1 pana 

16 panas = 1 drama, and 

16 drammas = 1 niska 


Verse 3 : geal Fara afar yen aafexaM areal a ase} | Tee RT aA ee 
TART wen: Wee: i 3 1 
Construction ‘- | 


Ie sa Gea aa) aa: Aa. (ere) 1 Xa aet (aeM:) ART 
(@Arad) Tee Teorp: (ufse:) | cer sued: ga: WH: Tem: TSE: I 


Translation :- Here (i. e. in this Science) one gui/a is said to 
be equal to two yavas; one yalla is (said to be) of three guiijas; 
one dharana (is said to be of) the (above defined) eight gunfas; 
a pair of them (i. e. the dharana) (is given to be equal to) one 
gadyanaka; a dhataka is defined as equal to fourteen va/las. 


The verse lists the weights (and not measures) used in weighing 
the valuable metals like. gold and silver. The smallest weight 1s 
the yava which is the grain or granule of barley. In terms of a 
Table of equivalence, it is as follows :- 

2 yavas = 1 gufja 

3 guiijas = 1 valla 

8 vallas = 1 dharana 
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2 dharanas = 1 gadyanaka; and 
14 gadyanakas = 1 dhataka 


Note that the word sndra signifies the number 14, as there 
are 14 indras. The word indra is called a word - number or a 
word-numeral; as against this, the word catur-dasa is called a 
number-word. It is a practice of the ancient Indian mathematicians 
to denote numbers by means of such words which signify a significand 
which has a permanently fixed number of things or objects. Thus, 
since ‘the eyes’ are always ‘two’, the Sanskrit word netra (and 
consequently all its synonyms) is used to signify the number ‘2’ 
‘From the beginning of the Christian era, the word-numerals with 
their various synonyms began to be used to avoid repetition of 
the same word and to keep rhythm of the Slokas’.”’ 


Verse 4 : cantiqsai yacira argh ATgeda: stra at | otagta Get gerst: 
og yar Baek i vl 

Pada-patha emer por, | Gaaet | AIL Arsreda: | Seah: 1 a pe 
we: 1 daft: | a cert gore: | ot) Ya 1 waist 


Construction :- carefpsst art gaefra 1 otsaft: a arsreqd: af (gaefer) 
deren: agit: a oe: vei (gaefa) 1 Goa ad yakisr, (gaara) 


Translation :- They define (Lit. speak of) A@asa as half of ten 
guijas; by sixteen masas (they define) Karsa; the experts in balances 
(speak of) one pala by (the composition of) four karsas; the karsa 
(in the case) of gold has the name suvarna itself. . 


In terms of a Table, we get. 1/2 of 10 ie. 5 gufijas = 1 
masa; 16 masdés = 1 karsa. 4 karsas = 1 pala. In the case of 
gold, 1 karsa = 1 suvarna; that is to say, karsa is equal to suvarna. 
The name suvarna is another term besides karsa. Perhaps, these 


two different terms might have been used in different 





1. cf A K BAG, Mathematics in Ancient and Medieval India, 
Chaukhamba Oriental Research Studies, No.16, Chaukhamba 
Orientalia, Varanasi, 1979, p. 60; for details, cf Saniketa-Kosa and 
Appendix D. : 


| 
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territories and have come to be _ used simultaneosuly in 
Bhaskaracarya’s times and place. 


Verse 5 : aaeteetdeisge: TeafertagM : | exdaafttfadte cus: we: 
wea as lS Il 

Pada-patha : MARR: | ART | AAG: | A: Lard: 1 seafit: vaght: | 
aed: | ag hh 1 waft i ge) aus: 1 me 1 eater | TIL NS I 


Construction - Heaeechk, wae: areyery (wafer) | e-gftrc: aah: steqet: 
eer: (waft) | ss daft: eet: aus: waft | asi weufeaaa aia: (Aah) | 


Translation :- One argula is defined (lit. becomes equal to) by 
the yavas (lit. swollen, middle parts of yavas) numbering eight; 
the argulas numbering four multiplied by six (give rise to) one 
hasta; four hastas make (lit become) one danda (and finally) two 
thousands of (the dandas) (make) one krosa. 


The verse enumerates the measurements of space i.¢. length, 
breadth and height. The measurements in the form of a Table 
are :- 


8 yavas = 1 argula 

24 angulas = 1 hasta 

4 hastas = 1 danda and 
2000 dandas = 1 kroéga 


Note the phrases yeqftra: waft: which is cuqual to 4 multiplied by 
6 ic. 24 and weufsaa, which signifies a pair of thousands, 1.€. 
two thousands. | 


Verse 6 : This verse continues the measurements of space; It especially 
defines the scales to be used for long distances. 

ag Uh weragEd 

TEM BAM ST Aer: | 

Pak faritdeiet: 

aa ugtia witigez i & ll 


pada-patha TAR awry | WaragEey | aor) RIOT | aera | at | 
Paty | Reftderiet: 1 day aghi 1 al ash Pave Il 
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Construction #igvagean Aad SA | ae Hot |e der (Rad) | waht, 
wi: Rag a ad flattened: fadd (<a) 1 

Translation : Four krogas make (lit become) one yojana; in the 
same way, ten hastas (make) one vamésa; the area enclosed on 


(lit by) four sides, each being of 20 vargas in length. (is to be 
called) a nivartana. 


In the form of a Table, 
4 krogsa = 1 yojana 
10 Aastas = 1 vaméa 


A four-sided figure, each side of 20 vaméas in length = 1 nivartana. 


Verses nos. 5 and 6ab define only different measurements of 
length. The terms arigula, hasta, danda, krosa, yojana and vaméa 
therefore, relate only to one dimension, viz. length alone. 


6 cd however suddenly changes its level of dimensions and enters 
- Into two dimensional structures, viz. area enclosed on al] sides 
by length and breadth. This pada thus defines the measurement 
of a foursided figure in/on a plane. The unit of measurement given 
is ‘nivartana’; the plane (ksetra) or area enclosed within four sides 
of 20 vamisas in length each is called ‘nivartana’. The fo 


llowing 
figure will give an idea of a nivartana :- 


20 Varnsas 
A B 


20 Varngas nivartana 20 Varngas 





D> es 
20 Varmsas 


Fig. 1 
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The area enclosed by the four sides, AB, BC, CD and AD each 
of 20 varngas in length, in the above figure no. 1 is called nivartana; 
a nivartana is not necessarily a square, it can be even a figure 
like the parallelogram. In Sanskrit philosophy, the space enclosed 
on four sides of the same or of different lengths is called patakasa 
i.e. ‘space within a pafa or plane’, referring to the two-dimensional 
space. 


Verse No.7 : This and the following two verses nos. 8 and 9 define 
solid figures or measurements used in measuring the grains or some 
such things. 


aeiPrifaeeitee: ae ceed ereeisr, | aemfea aq SARA 
qRateal AMERaRaT ST uo | 


Pada-patha : Baad: | freqfteedifqos: | aq | sseIRFy | TERT | 
erafes | Uq1 SSA | aelfear 1 areraRer | AT I 


Construction BeiPrd; Arges: aq aeare (Aa, TH) Ceres 
(waft) 1 eas uq creer a area ameeaer (waft) | 


Translation : The solid (figure) with length and breadth of the 
measure of one hasta (lit. measured by one hasta) which has twelve 
sides is known by the term ghana-hasta. The ghana-hasta measure 
which is (used) in the case of grains etc. is (the measure known 
as) Kharika in the Magadha - country; it is mentioned (lit spoken) 
in the science/s. 


vistrti = vistara = length (from vieVstr to spread; dairghya = dirghata 
= breadth (from dirgha); pinda = a solid figure. dvadasasra = dvadasa — 
+ asra; asra = side. 


Thus we have that the ghana-hasta of Bhiskaracarya is the same 
as the khari or kharika measure used in the Magadha - country. 
The *ghana-hasta, therefore, is a solid figure of one haste in length, 
one hasta in breadth and one hasta in height. The following figure 
will illustrate the ghana-hasta measure :- 





(28) 


1 hasta 
) 1 hasta 
1 hasta. 


Fig. 2: one ghana-hasta measure. 


The following compounds should be noted :- 
eran: - wet: Sra: sedi: | a: 1 Sat = oq + fla from V 
AI to measure. Arghifivs: = fg + tel + fos) AR - A 
+ tf, from V & + the fem krt suffix f€. 

ef, from ate, ather ara: cer | faegia: a ted a faegfees (if gata) 
or, faegfcaeety (if wer a). feqiaceaiary (or, faegfereezfor) an: favs: 
ferqircedtivs: 1 cs i SeMRPL = See SRT | ore: BETA TARR 
= Yet Us GET de, il | 


A ghana-hasta is euqual to one cubic hasta of length, breadth 
and height of one fasta each in measure. In Sanskrit, it is called 
ghatakaSa space enclosed within an earthen pot referring to 
three-dimensional space. The words 4cIéigt and vera are used 
a number of times in Vedanta and Nyaya. 
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Verse 8 : GURY GM: U_ Wess: 
eereal soragerart: | 
WIG SeSeHRA 
Geer: psd: wee: i ¢ Il 


pada-patha - 3: 1 91 Gat 1 ag | Sais: | RAL | anew: | Storage 


cm: | weer: | agate: 1 Se 1 onemer | weenfSa: 1 oe: 1 Hea: | TRE: T 
Construction : 3: J Gra: Swag: (Cae) Ge | sorageart: sess: TAL | 
ze anaaen agefa: weer: (ae:) 1 ond: weenfsa: Gea: Tee: 


Translation :- (The measure) drona is, indeed, the 16th part of 
khari; adhaka is the fourth part of drona,; prastha is the fourth 
part of adhaka; the kudava is defined by the ancients (lit. first) 
as the fourth part of prastha. | | 


In the form of a Table, it is as follows:- 
drona = 1/16 of khari, 

adhaka = 1/4 of drona; 

prastha = 1/4 of adhaka; and 

kudava = 1/4 of prastha. 


In the inverse way, the measures are as follows:- 
4 kudavas = 1 prastha; 
4 prasthas = 1 adhaka; 
4 adhakas = 1 drona; and 
16 dronas = 1 kharzi. 


The kudava is the smallest and the Khari is the highest measure. 
Though it is not stated explicitly in the verse, these measures, 
as we know from the tradition, were used in the case of liquids, 
like water, milk, oil etc. The ddhaka for example was used in 
Varahamihira’s times to AAR rains; cf Varihamihira, Brhat 
Samhita, 23.2 Wualsquermears fate ufaay | The measure of 
adhaka in Varahamihira’s times seems to be 50 palas. This pala 
however, is not the same pala as defined by Bhaskaracarya in 
verse no. 4 above. Datye’s Almanac and Euphemeris of the year 
1978 AD (Ska 1900; p.4) defines adhaka as a volume of 60 sq. 
yojanas with a height of 100 yojanas; thus amp = 60 x 100 = 
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600 cubic yojanas. cf sneayar | afatsaRede WAMAAA | searey 
TAM J ara qa | 


The word anghri literally means the pada or foot. But singe 
the word pada also signifies the one-fourth part of a metre, the 
word -anghri is also taken in the sense of 1/4th part. 


Verse No. 9 : WelaTeorpgeadch: 

feanded: afirctsa oe: | 

Teas wats st 

SROMany Teast: si 
pada-patha : Uerreamageads: 1 amged: 1 ara 1 aa | a: | 
TOMA) Gg: a a 1 aaary | geese: T 


Construction 3a aerTeEgeach. fended: oe: ara. | waite gf. 
oer, (feet) 1 (war:) qearisn: SRMAry (stared) 1 


Translation :- In this science, a Sera is equal to seventy-two tankas 
(which are) equal to three-fourth of gadyanaka. With forty geras 
(a measure of) one mana is counted (lit. is said). (These are) 
the Turkey names/terms (used in) measuring grains etc. 


In terms of a Table, we have, 
| tanka = 3/4 of gadyanaka 
72 tankas = 1 Sera | 
40 Seras = 1 mana. 


A gadyanaka as we know from verse no. 3 is 8 dharanas or 24 
vallas or 48 gufijas. The three-fourth. of gadyanaka therefore will 
be equal to 6 dharanas or 18 vailas or 36 gunjis This is the 
measure of a fapka. A Sera therefore is equal to 72 X 6 dharanas 
or 72 X 18 vallas or 72 X 36 gufjas. The mana in turn will 
then be equivalent of 40 X 72 X 36 guiijas 


Compounds: 

UerMeanngedesh: = Wea Ga: Welt: | TRA: Feros. Tele: | 
Werrenoes ded: Welter ed: | WelreanMaged: &: Welrrenveageuca: | 
a: Il 
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fea (= 2, 7) = 72 according to the axim sia ad wd: so 
also wat (g1 G) that is 40. gt, being always 4 in number comes 
to signify the number 4; and the word-numeral @ which means 
the sky, void signifies the number zero. 


As Bhaskaricirya has stated here clearly, the terms tarika, Sera 
and mana are borrowed from the Turkish people, or in general 
from the Yavanas. 
aesp = The Turkish people. 


dear areneakRursr cauRTET sat | 

padapatha : {U1 wrenfeaarst 1 cioakra | sa Il 

Construction st srenaRarar apafrer (sat) | (ar) sar Il 
Translation : The remaining technical terms (for measuring) Time 
are well-known amongst the people and should be known from 
them. 

The Yerandolkar-edition of Li/ivat7 contains one more verse which 
is as follows:- : 


Verse 9 A: dabaeideny A: 
qd: at: ware afear a aft: | 
AUISEHATearRAE - 
pat st formagg 1 9A I 
padapatha : Seo | wee aT aE a. 1 athe | TART! Aer | 


ay mt 1 | se | gy onempiereea | ot den | Pioragy | 
9 All 


Construction : Bers: wh: a Se (aa) 1 a: Hath: (s%:) a afeat 
eae 1 af: seh: (afearfy:) g au: (ead) | ag Roeagy arerriRarega 
sn (RTT) | 


Translation : By 192 gems, one @e (is defined); by those very 
5 des one afeat (is defined); with the 8 afeats one 47 (is calculated); 
these terms (lit this term) (are) promulgated (lit. done) by the emperor 
arerrie in the cities of his kingdom. 


In the form of a Table, it is as follows :- 
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192 wens = 1 &R 
5 §Rs = 1 ufear 
8 afemis = 1 AO. 


wig = & + sm + og; fe = 2, HH (lit. number) = 9 and 3g 


(lit: moon) = 1 And by the principle of samt amd af:? 291 is 
changed to 192. . 


The two verses viz. 9 and 9A seem to have been added later 
on; because history has no record of a Muslim ruler in the times 


of Bhaskaracarya. To which Muslim ruler the name 3sterik or 
siete refers is not known. 


2 For a detailed note on dari amat Tht: cf A.D. Panprr. Mathematics 
As known To The Vedas, Vol. 1 (The Vedic Sarmhitas) Indian Books 
Centre, New Delhi, 1992. 
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Section 2 


Verse No. 10 : Hamadeeicrnracanafsenkr | 
Wena AA Aapqaacear i 10 I 


padapatha : Werlegeetearereareftenr | meng | FA: | 
apical 

Construction  Hharrergqemicrnrearcareatanhey NerprerreraTaey THA 7A: Il 
Translation : 


Obeisance to lord GaneSa who is (conspicuously) shining ioe 
account of the deadly (lit death-ly) cobra around his neek which 
is freely rolling and moving out of pleasure, and who bears a colour 
as stainless as the blue lotus. 


Notes :- 


. aeala sft oer | 


. diet: St Alet: Hicieiet: | 


ht — BP 


: 


q. Term HHH erp | 
2. Tarr SF orton Aleem | 
3. Terpreten Gt: eT a: | RA I 


The book contains two Hier verses, one in the beginqing 
of the uftursts (Aff amare etc) and the other here at the beginning 
of the text containing the actual rules of mathematical operations. 
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Either one of the verses of 41¢1ax is spurious, inserted afterwards, 
or the text of Lilavati, which has come down as one seems to 
have been originally in two parts; one part contained all the Ruts 
regarding coins, weights, measures of length, area and volumes, 
and all the unstated, unexplained techniques required in mathematical 
operations (some of these are given in Appendix C at the end); 
the other part contained the rules for proper mathematical operations. 
We cannot say anything about this at this stage. The matter requires 
further research in the direction of bringing about a critical edition 
of Lilavaty. But the fact remains that there are two W1earaueas 
in the present text of Lilavaty. 


Rule about the places of numbers 


Verses 11 and 12: 
WHEIAATTEATAATMIGAHICA: HAM: | 
agers wdrraduemasinaererel tl 99 
west aa Fea TAs eeu Gan: | 
Ta: Fara Aaereef Hat: Ye: 92-M 


— pada-patha WHAITARAGTAATATHICA: | PAT | aga “Es, | 
wdiradrenaerged: | TIT | Vee | TRL HEL ee | StS | 
SIAR | UST: | UST: | PITT | TERA a: | Oe 


Construction : THTd | Waging: agey san waded 
Feaaend: wel a ord Fea Ie Sh Wea La cee 
tit: Ud: aqERiesty Hal: Il 

Translation : For the purposes (of convenient representation of 
numbers) the predecessors (in the field of mathematies) defined 
(lit made or coined) for mathematical operations the (following) 
terms of the places of numbers in that order : eka, daéga, Sata, 
sahasra, ayuta, laksa, prayuta, kot, arbuda, abja, kharva, nikha rva, 
mahdpadma, Saku, jaladhi, antya, madhya and parardha, each 
succeeding (term) being ten times (of the preceding one) 


Notes :- 
Verses nos. 11 and 12 name and define the places of numbers. 
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It should therefore be borne in mind that what these terms signify 
is not the numbers but the places of numbers in writing. As is 
well-known, Indians and Europeans write from left to right both 
the words as well as the mathematical numbers. Yet, there is a 
difference in evaluating the places of the numerical as well as 
non-numerical constituents in the writing. While in writing the 
non-numerical entities, the order or position of the entities is taken 
as it is, in writing the numerical symbols, the values of the symbols 
are in descending order from left to right . That is to say, in 
the example st: Yes: the word wa: is the first or prior and Yes:: 
is the second or posterior. We understand their positions in the 
order in which they: are spoken or written. In the case of numerical 
symbol like, say, 125, however, the value of the numbers written 
to the left is higher than that of those written to the right. Thus 
the value of 2 is greater than that of 5 and the value of 1 is 
grater than that of 2. In other words the value of 5 is prior to 
that of 2 and the value of 2 is prior to that of 1. 


The word eerie gives us the ratio by which the values of 
the numbers are greater or less; and the ratio is 10:1 from left 


to right, or 1:10 from right to left. 


The present two verses list in all 18 places or what are called 
‘ranks’ or ‘levels’. Each succeeding rank or level is ten times higher 


than the preceding one. Thus, to represent in modem number-symbols 
with exponents, 


1. eka = 1 

2. daga = 10 (i.e. eka X 10) 

3. Sata = 100 [i.e. dasa X 10) 

4. sahasta = 1000 (i.e. Sata X 10) 

5. ayuta = 10,000 (i.e. sahasra X 10) 

6. laksa = 100,000 (i.c. ayuta X 10) 

7. prayuta = 1000,000 (i.e. laksa X 10) 

8. koti = 10,000,000 (i.e. prayuta X 10) 
9. arbuda = 100,000,000 (i.e. koti X 10) 
10. abja = 1000,000,000 (i.e. arbuda X 10) 





(36) 


11. kharva = 10,000,000,000 (i.e. abja X 10) 
12. nikharva = 100,000,000,000 {i.e. kharva X 10) 
13. mahapadma = 1000,000,000,000 (i.e. nikharva X 10) 
14. sanku = 10,000,000,000,000 (i.e. mahapadma X-10) 
15. jalaldhi = 100,000,000,000,000 (i.e. Sanku X. 10) 
16. antya = 1,000,000,000,000,000 (i.e. jaladhi X 10) 
17. madhya = 10.000,000,000,000,000 (i.e. antya X 10) 
- 18. parardha = 100,000,000,000,000,000 (i.e. madhya X 10) 





In terms of exponents or indics, we get the following 
representation. The exponent means “the power’ to which the number 
is raised. The symbol of the exponent is written on the upper 
side to the right of the number. Thus, in 10* the symbol 2 is 
‘the exponent’. 


eka = 10° 
dasa = 10} 
gata = 107 

- sahasra = 10° 

_ ayuta = 10° 
laksa = 10° 
prayuta = 10° 
koti = 10’ 
arbuda = 10° 
abja = 10° 


kharva = 101° 
nikharva = 10"! 
mahapadma = 10'* 
Sanku = 10'° 
jaladhi = 104 
antya = 10!° 
madhya = 10'° and 
parardha = 10"7 
The VS 17.2 notes the following terms : eka, daa, Sata, sahasra, 


ayuta, niyuta, prayuta, arbuda, ny-arbuda, samudra, madh ya, anta 
and parardha It thus mentions only 13 ranks; the names of the 
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ranks are also different from the present ones given by 
Bhaskardcarya’. 
Vyavahara is taken here to mean ‘the practice of mathematical 
operations’ like addition, subtraction etc. The word can also be 
construed with daa: wai wae and the whole phrase would 
mean, ‘for the use of the places of numbers’. It is however, better 
to take it adverbially to connected with k;tah meaning thereby, 
‘they are defined or named for practice or use in mathematics’ 
e060 


ee 


3. for a detailed comparison, cf M D PANDIT,, ibid pp 25-30 
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Section 3 


sy dofedaapfodat: eRe gael I 
Translation : Now (follows) the rule for the operations of 
addition and subtraction; (the rule is) in half metre. 


Verse 13 : Ge: HAeeHAciseaissHarl BeawenaqHaeae ay 
pada patha : O74: | PAT | SPAT: | BT | AT | sige: | Benen 
STL | aT il 


Construction : SaRAAG DA AAA GHA: BsHpary: Hrs. | (aera) 
SAR at (a@rely) 


Translation : Addition of numbers should be done in direct Or 
reverse order according to the ranks; (so also) the subtraction (of 
numbers, lit difference) (should be found out) (according to the 
ranks.) 


Notes :- 

Apart: = Snr aT | 

alt, from 4x to unite, yoke, add etc = addition. ara (lit difference) 
= subtraction. 

sf = regular or direct order. This and the next word uaHA are 
relative words. If from Ieft to right is taken as 4, from right 
to left will be Sapa; if from right to left is taken as A, then 
from left to right will be scm. The two words are opposite to 
each other. 


There is yet another consideration, of the order of the numerical 
and non-numerical entities. In the case of numbers, the number-word 
is written from left to right; but the place-value or rank of the 
number-symbols is in ascending order from the right. Thus in the 
number-word, Wael, the #4 of the words in the sense of writing 
from left to right will be 954 as first and & as the second, while 
in the number-symbol for Gude, viz. 15, the #4 of the symbols 
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1, and 5, in the sense of place-value i.e. from the lowest to the 
highest will be 5 and 1. The 3A order in the above cases will 
be opposite to those explained above. 


Since we are working here with numbers, we refer by the 
term #4 to the order of the number-symbols; thus the #4 in the 
case of the number-symbol 15 -(for aae) will refer to a journey 
from 5 towards 1; the Gap will refer to the journey from | to 
5. Bhaskaracadrya himself has called, as we shall see later, the 
number-symbol 5 as aif and the number-symbol | as ‘<4. Thus 
in any number-symbol (say, 16537) the right symbol (i.e.7) is amfe 
or sq and the left symbol (i.e.1) is <a or Si. 


uopy will refer to the opposite order of #4, in whatever sense 
one may take the word #4. In number-symbol 16537, journey from 
1 to 7 is Sapa, according to Bhaskaracirya. We follow him. 


warp = at = Rank, level, place, referring to the levels of 
eka, daga, Sata etc. enumcrated in verses nos 11-12 above. 


This verse gives the procedure to be followed in the case of 
the operations of summation and subtraction. 
The following example will illustrate the working of the rule. 
Verse 14: SY atet cHenafa afeafa ge ear 
fsasaraiaahraerneresr <a | 
eitartaryaacient aq a 
aie ach Yfhernerrartsht perc I 


pada-patha aft at aera) aa 1 ge i aiear | ferosarlaad 
ArafieMeree | er adder 1 wart 1 agaftgar | at ot aes A 
afe | cach | afhearanorrart | oft 1 geren i 

Construction :- 

a art afaaft carafe afe (a) aframmarant ah geet SA, (afé) 
wi Rasaafeafaratemera eet (sis) gadart ee 1 aft 7 (CaP 
sor) sgaagary A aq 1 

Translation : O Young Intelligent Lilavati, if you are proficient in 
addition and subtraction in arithmetic, speak out (the total when) 
numbers, 2, 5, 32, 193, 18, 10 are added to 100; also speak 
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out when (they are) subtracted. (lit. separated) from a ryuta 1.e. 10,000 


Notes :- ) 

ap = am wre ie. wed i.e. arithmetic as opposed to seam 
or dtoftia. afth, from 3x ‘to unite, add’ = addition. 

Qdheat = subtraction. | 

art (lit way, path) = method, procedure. 

faatiad = 3 + 90 + 100 = 193 





1. Procedure : for addition we first put all the numbers according 
to their ranks. The numbers 2 and 5 belong to ekam rank i.e. 
are single digits, the numbers 32, 18 and 10 belong to daéa rank 
and the numbers 193 and 100 belong to the gatam rank. For 
addition, we have now, as the above rule in verse no. 13 States, 
two ways of doing the mathematical operation; one, by the krama 
- order and the other by the ufkrama order. We first illustrate 
the krama method of addition. We put the numbers according to 
their ranks as follows :- 
1.1 The Arama way !- 
$atam dasa ekam 
s - 2 


’ 
OO — — 10 Wis 
COO MmAWN WN 


pee Ri 
f y 0 Step 1 (addition of 


numbers under ekam 
rank) 


i a 
1 4 . Step 2 (addition of 
numbers under daéa 
rank) 


ee Ete a 
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2 : Step 3 (addition of 
numbers. under satam 
rank) 


art: 3 6 0 Step 4 (addition of all 
the results of all 
additions) 








Explanation :- 


Step 1 : We add the figures of the ekam rank; the total is 20, 
out of which 0 is the ekam rank and 2 is the dasa rank. We 
therefore, write 2 under dasa and 0 under ekam accordingly. 


Step 2 : We add the dasa rank numbers; the total is 14; 4 belongs 
to dasa and and 1 to the satam rank. 


Step 3 : We then add all the gatam numbers, and the total is 
2. 


Step 4: We then add all the results of the additions of all the 
three ranks; and the final total is 360. 


It should be noted that if the total of single-digit numbers gives 
a number of two-digits, the higher rank should be moved to the 
left accordingly. Thus in step no.1 the total is 20 which is a two-digit 
number; hence we move 2 to the rank of dasa and keep the zcro 
under ekam only. So also in step no.2, the total is 14, of which 
1 belongs to the Satam rank and 4 to the dasa rank; we therefore, 
move 4 to the satamrank. This is the meaning of the phrase FINRA. 


The process of addition can also be done by following the 
utkrama i.e. reverse way, that is to say, from left to right. It is 
as follows :- 
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1.1 the uftkrama way :- 


Satam dasa eka 
- - 2 
+ 7 - 5 
+ - 3 2 
+ ] 9 3 
+ - 1 8 
+ - 1 0 
+ 1 0 0 
2 - - step 1 (addition 


of s‘atam number) 


en! 


1 4 - Step 2 (addition 
| of dasa numbers) 








2 0 Step 3 (addition 
of eka) 
an: 3 0 6 0 Step 4 (addition 


of all ranks) 





Explanation : 


Step 1: We start from the left rank of satam and add all the 
Satam rank numbers. The sum is 2. 

Step 2.: Then we add all the dasd4 rank numbers; the total is 14, 
out of which 4 belongs to dasa rank and 1 belongs to gatam rank 
we therefore, move or write 1 under the safam rank. 

Step 3 : We then add all the ekam rank numbers the total is 
20, out of which 2 belongs to dasa rank and 0 to the ekam rank; 


We write accordingly and make the total. The final total is 
360. We can do the totalling in both ways either from above to 
below or from below to above. 
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2. Procedure for subtraction :- We first put the numbers according 
to their ranks as in the following. We have to subtract the total 
360 from the number ayuta i.e. 10,000. In the case of subtraction 
also, we can follow both the methods of Aram and utkrama order 
of numbers. Of the number 360, 3 belongs to Safam place; 6 to 
daga place and 0 to ekam place. Of the number 10,000, the number 
1 belong to the ayuta place; and the rest of the zeroes, from 
left to right belong to sahasra, Sata, dafa and ekam places respectively 
in that order. 


2.1 The utkrama way :- 


a i a tia aR ann 





ayuta sahasra  satam dasa eka 
1 0 oO 0 
ee een eee 
: a 3. 4266 0 
1 0 f 4 0 Step 1 
t 1 | 


Explanation :- 


Step 1: We have nothing to subtract from 1 of the ayuta rank 
and zero of the sahasra rank. We, therefore, keep them as they 
are. Since 3 of the satam cannot be subtracted from the zero of 
the satam we borrow one from the next higher rank of sahasra 
and subtract 3 (which is actually 300) and we get the remainder 
as 7. The one sahasra which we have borrowed from the sahasra-rank 
is therefore, written down below the sahasra-rank. We then subtract 
6 from the zero of the daga rank above. We follow the same 
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procedure of borrowing one unit from the next higher rank of 
gatam and subtract 6, the remainder is 4. We write the borrowed 
gata unit under satam. The subtraction of the zeroes of the ekan 
rank of both the numbers gives out zero only. 

Step 2 : There is no number for subtraction from 1 of the ayut; 
place. We, therefore keep it as it is. 


We then subtract the borrowed unit 1 from the zero of the 
sahasra rank. Since it cannot be subtracted, we again borrow | 
ayuta unit, which is written below the number 1 of ayuta place, 
The subtraction then gives out the number 9. 


The next subtraction of 1 from, 7 gives us 6; and of zerg 
from zero give zero only. 


Step 3 : We finally subtract the borrowed unit 1 from 1 of the 
ayuta level; the rest of the figures remain as they are since there 
is nothing for subtraction. And the final result is 9640. 


2.2 The krama way :- | 


—— oe ee 
ayuta — Sahasra sata dasa ekam 





(45) 


The same procedure of borrowing one unit from the next higher 
ranks, in case the subtracted number is greater, is followed and 
we get the same result. In krama way, we start from the right 
and go to left. The procedure, given above, is self-explanatory. 


The units borrowed from the higher ranks in case the subtracted 
numbers are greater are also called ‘units in hand’ in modern 
termiology. There is no word for them in Sanskrit mathematics. 


Though the rules for addition and subtraction are given, the 
actual procedures to be adopted in actual mathematical operations 
are nowhere stated in any of the books on Sanskrit mathematics. 
They are to be learnt from the teacher. They are thus handed 
down through guru-sisya-parampara ‘the teacher - steudent tradition’ 
as it is called." 


Unlike in the case of the operation of addition, we cannot 
follow the procedure of subtraction in both ways, that is, either 
ftom above to below or from below to above. We must operate 
Only from above to below and not from below to above. 


It js also to be noted that the two process, of addition and 


Subtraction are opposite to cach other. 
eoe 


es 


4. Though, therefore, people assert or believe that they can learn 
Without guru by simply reading the books on the subject of study, 
their belief docs not hold good in the science of mathematics. 
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Section 4 


Qt WHR : - The operation of multiplication 


TH Sot Uses | 
Translation : Now, the rule for multiplication in two-and-half metres. 


Verses 15, 16 and 17 (of which only half is given) 
TARAS Wot sagenRataq aa | 

PAKTsH PRs: wos: daft gat a 15 0 
wal yO: qeaft aq a4 csear a quat afer wet ar | 

feet adaecfaurr wd cor: yerar Word: Waa: 16 1 
a I Petsiteerpataaasa a 17 1 


pada-patha Pa seFL) eT! SI we) waz 
SareAre | goa: |Z) oe: | te: | Qoausge: | a: 1 Gost: | Safa: | 
aq: | a 15 i 

Wh: 1 WO | geet: at a ae a a ae) Hem | aT 
er Haq | waft: | a 1 ee 1 gee 1 at ara: | Aa: 16 1 
Sg | Wr | Rea: | anfeequafeaaatsta: 1 ar 17 1 
Construction : Rt Para APL FM! WH vokaq (ora) 
STPaare, (Qa SA) WF I 

ya: J He: ste: yoavsges: (fF FM | AAT) a: Gsd: wars: yA 
qT (rahe area) 2 a 

aT wp: Jo. geaft a ae a a qua: gra: wet (area) no 3 now 
war: fear Ad - Ka: Gee aT ylra: wa: (a Dore creas) en 
SAA TH eMeenuafuadia: a Fret: (Raq) 4 


Translation : 

One should multiply the multiplicand by the multiplier. 

In this way, moving forward, one should multiply the next 
multiplicands from the penultimate one onwards. (1) 
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(By making suitable parts of the multiplicand and/or multiplier), 
- the multiplicand (or the multiplier), equal to the sum of the parts, 
(should) be multiplied and (the result should) be added.(2) 

The multiplicand, multiplied by the (two parts, viz.) divisor 
and the quotient of the multiplier, (gives out) the result (of 
multiplication); (3). 

In this way, the division of the number (lit form of the number) 
is of two types : either on the basis of places or ranks (or on 
the basis of addition and/or multiplication) the multiplicand thus 
multiplied (by the two parts) (gives out the result) after adding 
(the two separate results) (4) 

When the division of the number is suitably made, (the 
multiplicand) multiplied by the multiplier which (is obtained) by 
the subtraction or addition of a suitable number (gives out the 
result) when (after the multiplication) the two results are added 
or subtracted.(5) 


Notes : 


qa (from V/V WW to multiply) = that which is to be multiplied, 
the multiplicand. J, 7716 that by which the multiplication 1s carried 
out. Thus in 3 multiplied by 4, the number 3 is 74 i.e. multiplicand 


and the number 4 is JU or 3% i.e. the multiplier. 
oiieat = SI + 3ifFqt = next to the final; penultimate. 


a (from V bhaj ‘to divide’) = when divided. 

V get (lit to be pure) = to divide in such a way that the remainder 
is zero. 

afer (from V a ‘to obtain’) = the quotient. 

seq = gut = less by a suitably desired number. In the division, » 
for example of 12 by 4, the result 3 is the afe¥; the remainder 
is zero; the division is, therefore, called g@ [lit pure, complete) 
ta = result of the operation. 

eq faut = division or splitting on the basis of the form. 

The number, say 12, can be split up on two bases (i) rapa 1.¢. 
form and (2) the sthdna i.e. rank or level. 


The splitting on the basis of rapa can be done in many of 
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rather infinite ways. For example 
a) 12 = 1+11 = 2410 = 349 = 448 = 547 = 646 etc. 
b) 12 = 1X12 = 2X6 = 3X4 = 6X2 etc. or 
c) 12 = 13-1 = 14-2 = 15-3 = 16-4 = 17-5 ete. 
d) 12 = 24/2 = 36/3 = 48/4 = 60/5 = 72/6 etc. 


Such splitting is called wafaym. ) 
vat ffart = the splitting on the basis of ¥2m4 can be done in 
only one way, i.e. as 1 and 2, in which 1 represents the rank 
of decimal place and 2 the digital place. 
Met, from f+ V #4 irregular for fied = multiplied. aia = oa 
= less, subtracted. aif-aa, Oh = added. 


The three verses 15, 16 and 17 lay down in all six ways 
of the operation of multiplication. The methods will be illustrated 


from the example on multiplication given by Bhaskaracarya in the 
next verse no. 18. | 


Verse 18 : Wet Teegtctesas carafe seaary 
waxeha fear sia: afer ye | 
wRearorspry weak weal 
ROA IM I 7 afr: aren: wf we 1 18 


padapatha Tet | weet | cera 1 sear) Waele: | 
feareeqon: | ster: 1 ef 1 ey 1 ae | waRenaarRavSOM 1 Gea 1 oft 
pouty | eat: 1 a1 1 a a 1 afer: | ora: | of) ey ae 


Construction ae (4) wrRearfurravepr aoa aft, (fe) 8 ae ara 
greets wear cera, dea - waste fia: aren. STAT: 
elt Y: ? (sera) a4 qq feet: (aera da WM) aa (sia) gr: 
aia : (sft) qe i : 
Translation : | 

O young, virtuous, Liladvati, having dangling eyes like those 
of a young deer, if you are expert in multiplication by splitting 
(the numbers) on the basis of wuftum, and warmfaar speak out 
> what will be the result (lit. numbers) if the number 135 is multiplied 
by | 2, or tell (me) also, what number (lit. how. many numbers) 
will emerge (lit. born) if the same (viz. those numbers which are 
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available after the multiplication) are divided and multiplied by the 
same multiplier (viz 12) ? 


Note :- 


The fourth pada of the verse contains the word feesaa which 
means ‘divided’ (from V f8q to divide). Since uptill now the 
procedure of division is not given, the example given in the pada 
is not set for the present methods of multiplication. It seems to 
have been given for the next verse no. 19 which spells out the 
methods for division; see below. We explain only the first three 
padas. 
qapaita = Ga + A + w + flat = 5-3-1 and by deri ad 
mf: = 135. 
fear (= the sun) = 12 
fara (from V feb to divide) = divided. 

We start solving the example. It is to be noted that the example 
can be solved by both the methods of 4 and cA order. 

The verses nos. 15, 16 and 17 give us in all six methods 
of multiplication. Remember that 135 is Wa and 12 is We. 

1. first method (given in 15 ab):- 
1.1. The #4 - order (from right to left). :- 
Sahasra $atam dasa ekam. 
3 5 (1 is sea: 3 oof and 5 is aif) 


* t 2 
6 O (step 1:5 x 12) 
5 (8 (step 2 = 3 x 12) 
1. 2 (step 3 = 1 x 12) 


at: 1 6 2 O = 

Explanation :- 

Step 1 : We first multiply 5 by 12. The result is 60, of which 
the number 6 is of dasa rank and 0 is of ekamrank. We, therefore, 
move 6 under dasa. This is the meaning of the word yeaa in 
the verse. The moving can be both ways, viz. from lower to higher 
rank or from higher to lower rank. 

Step 2 : Multiply 3 by 12; it is 36; we move 3 under satam 
rank. 
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Step 3: Multiply 1 by 12; the result is 12; we move 1 to the 
higher rank of sahasra. Make the total and the result of multiplication + 
is 1620 which is called Get , 
1.2 the SaA - order (from left to right.) 


135 
xX 12 
12 
36 (the number is veala, moved to the left) 
60 ( ” "yy 
1620 = ha 


2. the second method (given in 15 cd) :- 

In this case also both the #4 order and the 3A order can 
_ be resorted to, though we have followed here the general traditional 
order of SF i.e. from right to left. One can also work out of his 
own the operation by the Sama order. The verse states the method 
of wufaurt of the Wa as well as Jor. We consider one by one. 
2.1 By resorting to safaurt of the Wa :- 

We split the qa 135 into two parts as 70 and 65 s0 that 
70 + 65 = 135. We now proceed as follows :- 

70 X 12 = 840....i 

65 X 12 = 780....ii 
aut, = 1620 We. 


2.2 By resorting to the wufaart of Fre :- 
We split up the gum 12 into 7 and 5, so that 7 + 5 = 12. 
Thus. 


135 X7 = 945....1 
135 X 5 = 675S....1i 
ay: = 1620 ha 


We can split the numbers in any other ways also and yet get 
the same results. The method can be represented by the formula 
a(x+y), which is equal to ax+ay. 

3. The third method (given in 16 ab) : This method relates to 
eufaurm. We make the waft of both the va and Th on the 


basis of factorisation so that both of them give us the remainder 
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zero when divided by their respective factors. Thus, 135 = 45 
X 3 (so that 135 + 45, the remainder = 0; also 135 + 3 the 
remainder is 0) and 12 = 6 X 2 (so that in 12 + 6, or 12 + 
2 the remainder is zero) Now we proceed :- We may call this 
waged fart. : 
3.1 saqaaecfaart of Wa:- 

(45 X 3) X 12 

= (540 X 3) 
1620 el. 


3.2 sqaae0 fut of FH :- 
135 X (6 X 2) 
= 810 X 2 
= 1620, het. 


4. The fourth method (given in 16 cd):- 
This method relates to the vemmfaum of the ya and ye, that is 
splitting the numbers on the basis of the ranks. We can, dusxefare 
split up 135 as 1, 35 or 13,5 and 12 as 1,2. ) 
4.1 varafaurt of 3a:- 
Sahasra Satam dasa ekam. 
1, 3 5 
x 12 


4 2 O (step 1: 35x 12) 

1 2 (step 2 = 1 x 12) 
I 
4.2, earfan of TH :- 

Sahasra gatam dasa ekam. 
l, 3 5 
x i, 2 
| 
- 7  O (step 1: 35x 12) 
1 3 5 (step 2 = 1 x 12) 


ae 





ar : 1 6 2 0 = Whe 
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5. The fifth method (given in 17 ab):- 

The half-verse 17ab gives two methods - one which we may call 
as the 384 method to be followed by addition (af-da) of the result 
and the other, which we may call as the g¢4m method to be followed 
by subtraction (afsia) of the results. 


5.1 The gti4 - method (ge + ta) 

What is to be done is that from cither of the two catergories 
of qa and qe, a suitable number is to be subtracted; the two 
numbers are then multiplied. Since the number is subtracted, the 
results of the multiplication are to be added. 


5.1.1 The ge from the qva:- . 

To illustrate we subtract the number say, 75 from 135. We 
then multiply the new number (135-75) 60 as well as the number 
75 which is subtracted and add the results. Thus, 

135-75 = 60. 
75 
xX 12 
60 


We then add 900 to 720 and get 900 + 720 = 1620 ot. 
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5.1.2. The 384 from the qre:- 
We subtract 3 from 12 and multiply 135 separately by 3 and 
(12-3) 9, then add the results thus, 
[2-3; = 9 
135 
X 3 
15 
9 
3 
AOS....1 


135 
x. 9 
45 

Zt 

ae 
21 5.ai1 
we then add results (i) and (ii) and get, 
405 | 

1215 
1620 et. 








6. The sixth method (given in 17ab). 

We call this method as gegm method of multiplication. The 
results arrived at in the final are to be subtracted from each other. 
We can add any desired number to both the ya and JI and 
then mulitiply. 

6.1.1. 38 yw of J > 

We add suitably the number 40 to 135 and multiply the gtgh 
number as well as the new number by 12; we get (135+40=) 175 
as the new number. Thus, 

40 
X 12 
00 





Then we multiply the new number 175 and the 3eyh number 
by 12; and we get, 
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175 
X 12 
60 
84 
12 
= 2100.... (ii) 


We then subtract 480 from 2100 and get, 
2100 
- 480 
= 1620, as the ei. 


6.2.2. 3. am of the e:- 
We add suitably the number 13 to 12 and make the multiplier 
as 25. We then proceed as follows :- 
135 
X 25 
125 
75 





We then multiply the qa 135 by the number 13 which is suitably 
added to 12 and proceed as 
135 | 
X 13 
65 
39 
13 
1755....(ii) 


We then subtract (ii) from (i) and get, 
3375 
-1755 
1620, as the Sef. | 
One can see that whichever method, out of the six methods 
one follows for the operation of multiplication, one gets - and 


must get - the same result. 
eee 


—_ —_—__ ese oe 
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Section § 


HAPTER FORA I 


(Now) the rule for the operation of division (of numbers). 
Verse 18 : WVU: Geals aeqor: RAT. 

aa Pe Ad Ge AMER | 

aay warsael BR - 

yea wag at Ud Bead Fu 18 i 


papadatha : 
aoe | BE | GEA | AYO | RA | ETL | EPL | | SY | ATEN | 
gia | at | oft 1 omacd | eared 1 wa aT aft | PAT Ig I 


Construction :- 
Ae: Be: aU WTI Mea ad wa wee wer Ta | WHA F ala 
aft at Cat ERUval seach (Hei) AAT I 
Translation:- | 

(The multiplier) because of which the divisor fully divides the 
final dividend (i.e. the number which is to be divided) is indeed 
the answer in the operation of division. Or, (secondly) if it is possible, 
the answer can also be found (lit. can be there) by abbreviating 
the dividend and the divisor by some common (divisor or 


denominator.) 


Notes :- 

ava =.the number to be divided, the dividend 
&, @X = the diviser, the denominator; gu to divide fully, so that 
the remainder is either zero or some positive number. : 
qT = yes = multiplier. 

WrMeR = AMHR = operation of division. 

agai, from 3 + V Jq to abbreviate by dividing by a comman 
factor; G4 = common factor. 
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Explanation :- 
First Method - To illustrate the working of the process of division, 
let us take the example given by Bhaskaraicdrya in verse no 17 
ab before. The Weg is 1620, the WN is either 135 or 12; we 
now proceed. First we divide the 41v@ viz 1620 by 135 :- 
L335 } 1620 ( 12 
- 135 

219 

270 

000 


The multiplier 1 in the quotient (called afe or et) 12, when multiplied 
with 135 which is the Hw divides fully the Aa number 162. 
The remainder of the subtraction of 135 from 162 is 27. The 
two numbers of the remainder 27 then form the satam and d2éa 
rank for the last digit zero of the 4lva@ viz 1620 and forms the 
number 270; now this is the Hwa for the next step. When divided 
by 135, the multiplier or quotient turns out to be 2 which. forms 
the digital place for 1. The whole quotient viz. 12 therefore, is 
the answer or Se. of the division. 

So also, when we take 12 as the divisor, the quotient or answer 
is 135. 


Second Method :- 

Let us illustrate the operation of division by the second method 
spelled out in verse no. 18 cd in which, first, we have to find 
out a common factor which will divide fully both the wry and 
the 4m. We write both the categories in the following way with 
1620, the wa, in the numbcrator and 12, the Yom, in the 
denominator:- 

1620 
12 


ana 


The common factor which will divide both is obviously first 2, 
and we have the abbreviated form as 

810 

6. 
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The next common factor for both of them is again 2; we divide 
both of them by 2 and we have 
405 
3 


At this stage, we can again have the common factor which will 
divide both the denominator and the numerator; the common factor 
is 3 and we have as the final answer, 

405 


3 = 135, the ta. 


This method is very useful when we face illustrations of division 
of big number with four or more ranks. 


Rule for finding out whether a number is divisible by 2,3 or 5 :- 

(a) rule for divisibility by 2 : The rule to find out whether any 
number is divisible by 2 or not is : if the given number has the 
figures 2... Ay, Oy 8 and 0 at the digit rank on the right, the number 
is certainly divisible by 2. Thus, the numbers say 152, 7234, 10336, 
120568, 228990 are definitely divisible by 2, while the numbers 
with figures 1,3,5,7,9 in the digit place are not divisible by 2. 
Thus, 153, 7235, 10337, 120569, 228991 are not divisible by - 


2 


(b) rule for divisibility by 3 : The rule to find out the possibility 
of the division of a number by 3 is : if the sum of all the numbers 
in the given number is divisible by 3, then the whole number is — 
divisible by 3- For example, the sum of all the numbers in the 
numbers 78, 150, 3150, 93153 etc. is divisible by 3; hence all 
these numbers are definitely divisible by 3. Contrarily, the sum 
of all the numbers in 53, 179, 5179 etc. is not divisible by 3; 
hence they are not divisible by 3. 


(c) rule for divisibility by 5 : The rule to find out whether a given 
number is divisible by 5 or not is : if the number 5 and /or zero 
occupy the digit place in the number, the number is divisible by 
5. If this is not the case the number is not divisible by 5. Thus, 
the numbers 45,70,140,1375,10795 etc. have zero and 5 in their 
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digital places; they are, therefor, divisible: by 5. The numbers on 
the other hand like 66, 72, 4307 etc. do not satisfy the above 
condition. They are, therefore, not divisible by 5. 


It is to be noted, however, that these rules about finding out 
whether the numbers 2, 3 and 5 are factors of a given number 
or not are nowhere explicitly stated in any Sanskrit texts on 
mathematics. The rules are traditionally orally handed down by 
the teacher to the student. 
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- Section 6 


Wat owORe Fay I 
Now the rule for the operation of finding out squares in two 
verses (lit. metres). af = square of a number. Thus 2 X 2 ¥ 4. 
4 is called the af of 2. 


Verse 19 :- aafeand: pfeeadsa 
erase fea ET: 
CAAGRETT TASS: | 
ass Fs UML W 19 


padapatha aAfgamt: | OR 1 Gert oe. ere 1 oat | 
= » | CRAGRERT | Tt Te 1 SR steaT: | aa | RL | 

goat 1 gt 1 IRIE I “eo , | 

Construciion:- 7 : 

gaat: gia: Sead | oer oral: eas: | eaateRERl a ae say SrgHT: 

eicapret: (FA:) | Seca era Gr: a Soars aA (Fah | 


Translation > Product of two equal numbers is called the #ft (ie. 
square). First the a (or square) of the final number is to be written 
(or found out, lit to be established) Then numbers equal to the 
product of the next number with twice the final numbers (should 
be written) at the top; then leaving the final number, and moving 
again forward to the next, make the total. 


Note :- 


aq = the same, equal. 

fa = af = square. | 

ara = final from the tight, (which becomes first from the left.) 
feqor<ufaet = multiplied with twice the final number. 

zwaeq + softer = at the head of the respective numbers. 

scarf = moving the ranks. 

wk = total, sum, addition. 
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(1) first method : 

Verse 19a gives the first method for finding the square; it is very 
simple. It says, just multiply a number with its own self and we 
get the square. Thus, to work out the example of the number 
9 given in verse 21 below, we find that the square of 9 is = 
9 X 9 = 81. This simple method is applicable in the case of small, 
simple, single-digit numbers from 1 to 9. Besides the method of 
direct multiplication Bhadskaracarya also gives other methods to find 
out the squares of higher numbers consisting of 2,3,4 etc. digits. 
It is given in verse no. 19bcd. 


(2) second method:- 
Step 1 : First find out the square of the final number. 
Step 2 : Multiply the final number by 2 and then with the neat, 
pen-ultimate number. 
Step 3 : Find out the square of the next, pen-ultimate number. 
Step 4 : Take the total of all these results, keeping in tact their 
ranks, | 

Proceed in this way to the next numbers until we come to 
the end and the final result. 


2.1 Illustration : Let us take the example of the number 14 given 
in verse no. 21 below. 
Step 1 : Take the square of the final of the number 14, which 
is 1. Thus the square of 1 is 1 X 1 = 1 only. 
Step 2 : Multiply the final 1 by 2 and then by 4, which is the 
pen-ultimate number. The product is 1 K 2 XK 4 = 8 
Step 3: Take the square of the next, pen-ultimate 4 which is 4 
a 4 = 16 
Step 4 : Add all these numbers keeping them in their proper ranks. 
Thus, 
147 = 1 

08 

016 

196, which is the ei. 


+ 


+ 


To take another example of still higher, three-digit number viz. 
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297 from the verse no. 21 itself. We first find out the square 
of 29 and then of 297. We proceed step by step. 


297 =) 4 aT 
_ + 36 
+081 waa 
= 841 


At this stage now, the number 29 becomes the 34 with reference 
to 7, and we then proceed. 


841 aay 
+- 406 29 X2X%7 
+- 49 woraayf - 
aq 88209 


We proceed in this way in the case of any higher numbers, 
splitting them up into their different ranks. 


This method splits up 297 first into 29 and 7 and then 29 
‘nto 2 and 9. Thus, 2 is 3a with reference to 9 and 29 is aKa 
with reference to 2. 


This method of Bhaskaracarya is based on the wemaffm of the 
given number. vena we have to do is to split the given number 
on the basis of its ranks and then apply this method to get square. 


The verse no 19 thus gives us in all two methods of finding 
out the square of & given number. The first method consists of 
straight-a-way multiplying the given number with itself. This is what 
‘5 called wafecaid in the verse. The second method consists of splitting 
the given number on the basis of the ranks of its constituents. 
Verse No. 20 :- 


qrarsaiiraga Hierat | 

segeiray: Pia: Rar 

sera ator Walaa a io 1 
padapatha SUseaet | aftefa: 1 feet 1 acausditeaga 1 ofa: | a | 
segreray: | pid: | Rare) geeT | Shor Wafers: tar 
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Construction :- | 
qT, ws feet afte: aasqeaga (dt) afe: (<q) 1 sea 
uitad: seer aio wafaat at (ofa: Raa) 1 

Wise - two parts; splitting into two parts. 

fafteit -multiplied by 2. 

aftefa: - eff: = multiplication, product. 

am, Id = added. 

qq = eff = multiplication, product. 

ge = any desired, suitable number. 


Translation :- 

ms i Twice the product of the two parts (of the given number) 
added to the squares of the two parts gives out (lit. becomes) 
the square of a number (20 ab) 

Or again, 

Il. The square of a number can be also had (lit. is) by totalling 
the square of the desired, suitable number with the product of 
the two numbers obtained by adding and subtracting a suitable 
number from the given number. 


Notes :- 


This verse no. 20 states two more methods of finding out 
the square of a given number. Read with the foremer verse no, 
19 the total number of methods of squaring laid down by 
Bhaskaracarya is four. The method given in 20ab does not basically 
differ from the one given in verse no. 19 above. 


Explanation :-. : 

20 ab : First split up the given number into two suitable parts. 
Then multiply those parts mutually as well as by 2. Add to this 
result the squares of the two parts. The final total is the result. 


To borrow the examples from verse no. 21 The given number 
is 9; split this number into 2 parts, say 3 and 6, so that 3 4 
6 = 9 Then multiply these parts by 2, which gives out 3 X 6 
X 2 = 36. Then make the squares of the two parts and add them 
to the above result. We have then 3* = 9 and 62 = 36. Take 
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the total of all these results and we have 36 + 9 + 36 = 81 
which is the square of 9. 


920 cd : Add and subtract any desired number with and from the 
given number. T hen multiply the new numbers mutually. Add to 
this result the square of the desired number which is originally 
added and subtracted. The result is the square of the given number. 


To work out this process on the given number 9. Add say 
5 to 9 The total is 14. subtract the same 5, which is the desired 
number, from 9 which is (9-5) = 4; we have now the two numbers 
viz. 14 and 4. Multiply them: the result is 14 X 4 = 56 Add 
to this the square of the desired number viz 5. which we have 
added and subtracted; the square is 25. Add this 25 with 56 and 
we have (56 + 25 =) 81 which is the square of the original, given 


number 9. 
The third method given in 20ab consists of splitting the given 
number on the basis of its suf (and not wifi) as is done 


‘a verse no. 19 above) The ssqfurt of a number gives us an expression 
dded. or subtracted or multiplied or 


in which two numbers are a 
4 +5 or 14 = 10 + 4 etc. We 


divided; by addition. thus 9 = 
then follow the method and get the result. 

This method of wufaHrt is based on an algebraic method of 
finding out the square of two unknown quantitics added together. 
The algebraic method is enunciated by Bhaskardcarya in his own 
book on algebra entitled dtwftrea. This method follows the pattern 
of the algebraic method, viz. (a+bP = a +2ab+b. 

The foruth method of finding out the square is based on the 
simple, algebraic equation, Viz. ¢ - &-b'+b, in which a is the 
given number for squaring and bis the suitably added and subtracted 
number and we have, | 


ft we fit) & la-b) +. ©. 
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Verse no.21 : 


TURRGA TA 

WTR aq FARAFAL II 20 II 
papadpatha : Wwe | a agéem | gfe | AAR gage | 
PART | of aye) TRL oT) ae aiftarearhy 
Construction : wa, viffararf writ aq (até) vari ddim AéeAet 
TAR FT (sft q) Bare sarer aft af ge 


Translation :- 

O dear one, if you know well the way to find out (lit. think 
of) the squares, then speak out the squares of 9, 14, 297 and 
10005. 


Notes :- 


fae aaa - three hundred less by three, i.e. 297. 
The three examples of 9, 14 and 297 are already explained before. 
One can work out for himself the square of 10005. 
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Section 7 


N tt ROY KL I 


The rule for the operation of finding out the square root. 


Verse no. 22: . 
cwraarare, fasted, pf feqpaaret wa aaa 
aaa asap dcrafaseed feet =a | 
qe defer “wales ¥E: Wecdct VA TEA I 22 I 


padapatha : aed | sad | fara 1 afte equa 
eo eset, vnvnifbens emer | fv. mete agrees 1 Sia 


aa | axafasard | aaa | ear) eT 

Teas | Talay 

off 1 ae: | Teh) Se Re ” ay 
Construction :- 


arcane, ard (ser) Plt aca | Asi eyo, | aed eA 1 TTL | a 
Tere | aed frei Tere RR vefthed wa 1 orafaamt area 
pel aac daa Tele RIT | sft ye: (Hale) 1 (Ger) wh: eat ve I I 
fasa - odd. 

aA - even. 

ar<q - last number at the left. 

Wa - square-root. 

feyor - to double. 

asa /afea - the quotient. 

<aaal (from V 4) - after subtracting. 

ara-af - the square of the quotient. 

wat (lit. leaf) - half. 

qq - root, meaning both the square-root and the cube-root. 


Translation :- 
Subtracting the square from the last odd number, the (number which 
is the) square-root should be doubled. (Step no. 1) (This doubled 
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number should be written separately in a column called ft). 


Divide the even number by this (double root)... (Step no. 2) 
Subtract the square of the quotient (thus obtained from step no. 
2 above) from the next odd number (Step no.3) 

The quotient (thus obtained from step no 3 above} should be doubled 
and written in the column of the Ufth. (step no. 4) 

(The two doubled roots written in the df - column should then 
be added according to their ranks. This new number will then be 
the divisor of the next number in the example)... (step no. 5) 
Divide the next even number by (the numbers in) the ff... (step 
no. 6) 

Subtract the square of the quotient thus obtained from the next 
odd number (step no. 7) 

This process should be repeated (until the remainder of the 
subtractions is zero)... (step no. 8) 

The half of the ft; will then be the square-root of the original, 
given expression. 


Explanation:- 

Let us take the example given in verse no. 23 below, which 
gives in all six examples, viz. 4, 9, 196, 81, 88209 and 100010025. 
We choose neither the simplest nor the biggest number, but the 
medium ones, viz. 196 and 88209. 


Before proceeding to solve the examples proper, an important 
point requires to be remembered. 


The whole given expression should be divided into and marked 
by signs of odd (fas) and even (WH). The vertical line will indicate 
the fas4 number and the horizontal bar will indicate Wa number. 
We start marking the numbers from the right-hand number. Thus, 
in_ {96 the right-hand 6 is fava, 9 is W4 and 1 is again fay as 
196 

In 88209 the numbers 9,2_ and the last 8 are fas while 0 
and pen-ultimate 8 are W4 as 85 454, We now proceed to find 
out ‘the square roots of 196 and 88209; first we take up 196. 
Thus, 
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ANTh 196 TAL Ufth 
1 1) 1 2 
(1x2=) 2 09 ; 
8 04-08 
(4x2=) 8 16 14 28 
16 ct 28 +2= 14, 
root the root 


Step 1 : Take the final fas4 viz. 1 and find out the square root. 
The root is 1 itself. We write it in the column of 4a; subtract 
the product of 1 X 1 from the fas4 1; the remainder is zero. 
Double the root 1; it is now 2 which will be the divisor for the 
next number, which is 4, in the expression. We put this 2 under 
the column of ie and in the column of dm. 
Step 2 - We now divide 9 by 2. The quotient is 4 which we 
will right in the column of 4a. The remainder of the subtraction 
9-8 is 1. 
Step 3 - Take down the next fasa 6 and the wa is 16. Double 
the 4a viz. 4 which will be (4X2)8 and write it in the column 
of df as well as HINT. 
_ 4. : Subtract from 16 the square of the Tat 4 and we have 
- (4 x 4) = 0. The 4, therefore is 14. : 

This method of Bhakskaracarya gives us a technique also for 
checking whether our result is correct. The technique is : Add 
according to ranks the numbers in the uf column and divide the 
total by 2. If the division gives out a quotient equal to the square-root 
in the column of 4 the result is correct. T hus, 28 + 2 = 14 
which is the same as the square-root in the column of Ge 

There is a certain step which is implied in this method. First 
the marking of f@94-W is to be resorted to. The steps are not 
stated or defined in the text; they are to be learnt from the teacher 
itself. And when all the fasq-34 numbers are exhausted, and the 
remainder is zero, the process stops. Secondly, the fava - place 
is the af-t214 at which stage in the process, the af of the number 
in the Ufth is to be subtracted: simple division is not to be resorted 
to. The W- place is aaf-rena. 
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Example No.2: 88209 





Ants Wey Wor, Ofc 
| — 
2 88 209 2 ae = 4 
4_ | 
4 48 9 9x2 = 18 
36. ws 
122 7 58 
-81_ 7x2 = 14 
58 410 = 594 
406 297 WH = 594 + 2 
49 
49 - = 297 = Ufhea 
OO 


Only the Sama order (i.e. from left to right) is to be followed 
in the case of finding out the 44Y. The #4 order (right-to left) 
does not work. 


Verse no. 23: 
Ha agual @ det Adri 
yd part oT ea HAMM | 
yep gery aigerhl fate 
qeefdgtedie asa STAT I 


padapatha : FI aMuPL | Tt at Aa A) SAT og 
we | waar sae yap ahoaty fate: ge: fasfe: 1 aes ay 


aa | VTA Il 


Construction :- 
& wa, ae a ge figfe oa ore, (safe) ageoly ae vara (aon) a 
qt pay sary aT gery yere aise fake 


Translation:- 

O dear one, if your intelligence has quite developed in this 
science (lit. here) then know separately the square-roots of 9, 14 | 
and of all the squared numbers calculated (lit. done) before (in 
the previous verses.) 

Notes :- 

The two examples of the previous squares viz. 196 and 88209 

are already explained. @00 
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Section 8 
a awa gaa, lt 


(Now) the three verses (lit metres) stating the rules for finding 
out the cube of a number. 


Verse no. 24 :- 
qafaaa a: ufee: 
COTA OAls<aed aasx<aat: | 
areaRerend sifeat: 
suxueasenfeata ad 24 I 
CHAAR Ya TA: KART tt 25a it 


Padapatha :- 
aaa | 1 a | ORE | Rene | BA: Sree) das 1 ore | 
areas: | aa: | neat: 1 same: 1 oer 1 onfeaa 1 1 ats 


coraqreeead | Oat: | 8A: | RAT 


Construction :- 
gaferdd a: ule: | RR GA: LAN: | Ta: aaa: arfeier: (<orea:) | 
aq: aiftal; sued: (T:) | sey anlar: (RTA) | ai a CAIRRAA 
gat: at: a, I 


+ 


Transiation:- Multiplication of three equal numbers is called 
(i.e.cube); (first) find out (lit. place) the 4 of the a number, 
then the square of the aq multiplied by three times the ote; 
‘s to be written; then the square of the amf@ multiplied by three 
times the 3% is to be noted; and lastly the ut of the ame is 
to be written. Then all totalled together according to their proper 
ranks represent the 44. 


Notes :- : 

quftara - multiplication of three equal sums; WY 7a: TAM | SSE CI 
era: waftard: | 3a - the last from right and the first from left. 
amfé - the last from left and the first from right. 
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Explanation :- : 
This verse gives in all two methods of finding out the cube 
| of a number. First method :- It consists of a _ simple 


multiplication-process of a sum three times; thus the 44 of 9 = 
9X9 X 9 - 729. This is given in verse 24a. 


Second Method :- This method is explained in 24 bed. It is more 

suitable for numbers having two or more digits or ranks. 

Step 1 : Find out the cube of the 3g. 

Step 2 : Find out the square of the aa; multiply it by 3 and 

then by the next 3mf@ number. 

Step 3 : find out the square of the 3mf€, then multiply it hy 2 3 

and fier by the 3a number. 

Step 4 : Find out the cube of the anf. - 
Proceed in this way until all the ranks in the given numbers 

are exhausted. Then, 

Step 5: Add all these results; this will be the aime of the given | 

expression. 





Let us work out the two methods in the case of the examples 
given in verse No. 27. We take the number 27 which is equal 


to faa = 34 of fA. 
First method :- 27 X 27 X 27 = 
oT 729 | 
ae ee x 27 
4 1458 
2G 5103 
49 19683 which is the tha, 


729 (by the method of squaring) 
Second method :- In 27, 2 is the 34 and 7 is the anf. 
Step 1 : 84 of arg = 8 se 
Step 2 : Product of square of a4, aif& and 3) = 3X2?X7 = g4 
Step 3 : product of square of amfe, aa and 3°) = 3X2X7*—s = 294 
Step 4: v4 of ale TRIXT = 343 
Step 5: Total = 19683 
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This method splits up the given number on the basis of sthdna 
or the rank. 


The verse 25a requires to be borrowed for completing the 
meaning of verse no. 24. 


Verse No. 25: 
CATARAT Fat GA: RA. 
THOT GMS TASS | 


wd qedtaqhrar - 
acre ar Tait ol 125 1 


padapatha : 
LUATARAT | Bet: | TA: | RAM Gee 

aE AE 1 SOR, ES | 
qe: | aferuftrat | onergedt: | at fafa: 1 ws | ore vi! 


Construction :- 
ae cut 
(gf gfe sro) aT WS: fale: ark 1 “ 


Translation :- 

Splitting the (given number on the basis of #9 and ¥2M*) into 
two and fixing the 3, (all the results thus available by the method 
of cubing given in verse no.24) added together represent (lit. are) 
the cube of the number. In (finding out) the square as well as 
the cube Hie proeecure can also be optionally started from the 
aa number (i.e. the first from the right hand). 


Notes :- 
carat ga: :- Added by arranging the results in proper order 
of places or ranks. 
aegusgit - Two parts of the 

given number eeraerart 
sa er on the basis of 
, — vere no. 25 should be read mgpeateer with verse no. 24 
above. The word 4: in 25 will have wd from 24 as the al. The 
— ly lays down again two more methods for finding out 
| e _ e third method is stated in 25b and the fourth one 
is given in 25d. 


: 


N 
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Third method : The third method is to be applied in the case 
of numbers with more than two ranks or IMs. Let us take the 
example of finding out the 41 of the 4 of S. i.e. finding out 
the 44 of 125. 


We divide the number into two parts, 12 and 5. Just as 1 
is the <a and 2 is the 31 in 12, the number 12 is the ag 
and 5 is the ae in the example 125. We can also split the number 
125 into two parts as 1 and 25 with 1 as the 3g and 25 as 
the aif. This is what is meant by the phrase GHegy deausyt adis<ay 
in the verse. We now proceed. 


(A) a 125 with parts 12 and 5: 
First we have to find out the 84 of 12, which is as follows :- 
A.1. 12? = 19+3.17.24+3.1.274+27 = 14+6+12+8. 
Arranged according to their Ms, 8 will be the right hand number, 
then 12, then 6 and lastly 1 which will be left-hand number.Thus, 
1 


+ 12 


8 
1728 is the 3 of 12. 


A.2. We then proceed to find out the 4 of 125. 12 is aq and 
5 is aife. Thus | 
195° = 123 w 3,127.5 *# 3.12.5* + 5° 
We arrange then in the proper order of place-value and we get, 
1728 
+ 2160 
+ 900 
_ 125 
at = 1953125 = FF. 

The fourth method stated in 25d lays down that the operation 
of cubing can also be carried out by beginning from the aie or 
anf number which is at the right. All the former methods start 
from the 3r at the left. As in squaring, we can, therefore, adopt 
any order - either of #4 or Gap4, In the Sa order however, the 





S £, 
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places of ranks of the results, while adding, will have to. be shifted 
to the right. In #4 order we shift the-ranks to the laft. 


(B) aa of 27 by #A - order :- L 
We start from the amfe 7. 
593 6g 7 & 3:7° 94 37.2? #2 


—~ 343 + 294 + 84 + 8 
Now, we arrange them in their proper ranks and add :- (Shift 
to the left by one rank) :- 
343 
+ 294 
+ 84 
#8... 
at = 19683 = Pe. 


We can also work out the oa* order in the case of higher 
numbers like 125 etc. 


Verse No. 26 :- 
querat a ed ulster: GsrTsayy | 
aire: wet ahaa Aad | 26 I 


padapatha : Gusta | 4 | ee Lut: 1 BE: | Gosertaaap | af: | 
wae, | TRIM: | TA: | AAT I 3 


Construction :- 
querai a za: Aer: Ue: Geataage (aa: wa) 1 THETA 

| : Yet: 
aie: GA: Wa, I 
Translation :- The two parts (into which a number is split up on 
the baiss of wufdart) multiplied with each other with the number 
and also by 3 and added to the total of the each of the cubes 
of the two parts results in’ the 4 of the number; the #& of the ~ 
square root of a number multiplied by itself becomes the 44 of 
the square of the number. 


Notes :- 

faeq - multiplied by 3. 

qusatquge - added to the total of the 44 of the two parts. 
ta - multiplied by itself, it gives the square. wf = number. 
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Explanation :- The verse no. 26 states two more methods of finding 
out the U1 of a number. Together with the four methods, stated 
before in the previous verses nos. 24 and 25, the total number 
of methods of finding out the & i.e. cube of a number amounts 
to 6. These are thus 6 methods of cubing given by Bhaskaracarya. 


Fifth Method :- 

If we want to find out the 44 of a number which is split 
into two parts on the basis of the wuffurt we should multiply the 
_ parts with the number, then multiply it by 3 and add the number 
thus obtained to the two es of the two numbers. To illustrate, 
let us take the number 27 given as an example to work out in 
verse no. 27 below. We divide it into two parts viz. 15 and 12, 
so that 15 + 12 = 27. This is waffm and not wna. We then 
multiply 15 X 12 with 3 as well as the original number 27. The 
result is 14580. We then find out the 84 of the two Parts viz. 
IS and 12, as respectively 3375 and 1728. We add the three 
results, viz. 

14580 
+ 3375 
+ 1728 
= 19683 which is the 34 of 27. 


It must be remembered that in totalling the three results viz. 
14580, 3375 and 1728, we must not shift or move the places 
or ranks of the numbers, because the splitting of 27 is made on 
the bases of wufdurt and not on @ifaurt. The wmf of 27 will 
be 2 (representing eaeem4) and 7 (representing th tem.) 


Sixth Method :- The sixth method deals with the process of cubing 
on a different level. The level is of squares. In all the examples 
and methods stated above, the starting level is of the first exponent 
or index or Yeu. In the present. method the initial Stage for 
finding out the cube is of the second exponent or index or Rdg 
at or FI. This method gives us a technique by which we can 
immediately transform a square into its Own cube. To illustrate 
let us take the original, given number as 9 which is itself a Square 
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to find out its 4. 


The method is : find out the square root of the given number, . 
make the 84 of the square root; and find out the square of the 
ga of this square root. The result is the 44 of the original, given 
square. It thus deals with direct change from one transformational 
level to another. = | ) 

Let us take the example of 9 given in verse no.27 below. — 
It is a square. Thus, 9 = 3°. | 

To find out the 4 of.9, reduce the square to its root, which 
is 3. Make the 44 of 3 which is 27, and finally find out the square 
of the 4 27, which is 729. This is the 44 of 9 or 37. 


The first method of cubing is based on the simple process 
of multiplication of a number with itself three times; Thus, 4 of 
g=axax a. 

The second method is based on the algebraic formula of cubing 
the expression (a+b). thus, (a+b)? = a? + 3-a% + 3ab* + b*. : 

The third method also follows the above algebraic formula which 
‘5 the basis for the second method above. But the numbers involved - 
‘1 this method have more than two ranks. Thus 125 has three | 
‘ranks. This method requires the cubing in parts into which the 
big number is divided on the basis of wHAfaur. | | 

The fourth method states that both the orders of #41 and JarH 
can be followed in cubing a number. This rule, as we have noted 
before, is applicable in the case of finding out the squares also. 
In finding out the af and oA therefore, the order of numbers --— 
from either left to right or right to left - does not matter at all. 
Oné can start from any end. | | 


The fifth method is based on the wafaur of the number, which 
can also be done in two ways; either to represent the given number - 
as the sum-total of two numbers, or to represent it as the difference 
of two numbers. Thus just as the wafaurt of 27 is 15 + 12 (as 
we have done before) it can also be as 30-3 = 40-13 etc. etc. 
The only difference is that while in the case of: the second method, 
there is the wHfaum, in the present case it is WUftHr. 
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The method can be represented by the algebraic formula - 
a” om (5-9). nes a eafdum into x+y 
Re ke Yd. 3xy (x+y), 
which formula is the same as the one stated in the second method 
above. 


The sixth method involves the direct transformation of a square 
into a cube. 
The algebraic formula involved in this method is - 


(PP = (af. 


All these formulas are stated, explained and proved by 
Bhaskaracarya in his work on atorftra. 


Verse no. 27 :- aqaq fae FA Te 
Pg qe a4 a A 
qqqe wads ward wa 
afe asta ada aaa afl: 27 1 


padapatha : 
Ta | RR PL ae | ST TR TA | ager 
a1 aa: 1 aA 1 aa wea ae tt RT AT Waa: 1 Af. 


Construction :- & wea, afe wt (fava) Waa: gat Aa: arfea, (ae), aeny, 
REAR GH, aa wa aera A HAW! (aft a) ag. oY gan, gaTE 
(Hyg) | 


Translation :- O friend, if your intelligence is uninterrupted in (the 
subject of finding out) the cubes, tell me the cube of 9, of the 
cube of 3, the cube of the cube of 5 and all the cubes from 
all these cubes. 

Some of the examples from this verse are already. explained 


before. One can work out the rest for himself. 
a6 
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Section 9 


iN AY Gye PUNY Ges Il 


Now, the rule in two stanzas for finding out the cube-root. 
The two verses should be read together. 


Verse no. 28 : oni GTI 3 

Paar FA fase | 

a4 Yas WAR Fa 

AEM dare fri wei JF 1 28 tI 
Verse no. 29 : ga ang acpitaxaheh 

Rel Mord WAR Hers 

He # | 

qefdeqaa: Ga 29 1 
padapatha : Ser 1 TRL! ser) ge S| 1 AAT | SFA | 
aaa: | fae) SL PREP) Ge) one) gat) eT) see! 
fay | PALI TF We Re il 

qeacary, | a | cep | aahedty 1 Bethy 1 asi | a | WePATE | 

mag | STL I ase | SAL | Wa Tefh: | Wag | RSL et: | GT | 
a il 23 il 


Construction : - Ser wer (waa) ser 3 oe (RIA yqd:) | 
Ga: deat Sea GTa: SA eer | yeraeey ye (RG) | oT (TERA) FET 
pea F dare fait 22 

pa J Tee AR Te, oat Ae acre A | HTT 
ey agree AV | | 

vd arya Tefth: AIT | WL ot: Gra (gata) Will 


Translation :- The 31 is (to be marked as) HAC; the next two 
are ata (tA); find (lit. finding) out the gaye from the 3a; the 
result should be written (lit. put) separately. By multiplying the 
square of the result by 3, one should divide the next number (28); 

The result of (this division) is to be put in the Tgfh; multiply 
the square root of the result by 3, subtract it from the next (lit. 
first) number; then subtract the cube root from the next Sf number. 
In this way., the fh will represent the Hq; (continue) similary 
again onwards. : 
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fastea (ff + gy), dividing and subtracting. 
gral - Inst. sing. fem. of ofa, ‘square.’ 


These are the following steps in the operation :- 
Step. 1 : Divide the given number into 8 - parts and 3IEq - parts. 
The marking should be from the right i.e. 3neq. 
Step. 2 : Take the 44¥4a of the ar<aEr. 
Step. 3 : Subtract is from the aa. 
Step. 4: Take the next 31eig against the result. 
Step. 5 : Multiply the square of the first Hq by 3. 
Step. 6 : Divide with this the next a1@i#. The division should see 
that the remainder is more than the 8 of the numbers 2 and 
3. Otherwise, further subfraction and division will not be possible. 
Step 7 : Multiply the square of the present quotient with the previous 
— &9a and with 3. 
Step. 8 : Divide the next sneim by this result of multiplication. 
Take the remainder. 
Step 9 : Subtract from this the 44 of the ofa a7. 

Continue the process until the remainder of the subtraction 
is zero. 


Example : Bhaskaricirya has not given any example. We can, 
however, take any of the cubes found out previously in verses 
nos, 24, 25 and 26. Let us take first the simple example of 19683, 
to work out the method of finding out the cube root. 

- We put the number and mark the 44eMs and saares. We 
start from 3 i.e. from the right. Thus, in 19684 the numbers 
3 and 9 are the ates. All others are SMRIMs..... step. 1. : 

We then find the cube root from the aq HARI, viz. 19; 


... Step. 2 - 
df 19683 OTe 
z - 8 27 
2?x3 = 12 | 116 
: | - 84 
7°x2x3 = 294 328 
- 294 
73 | 343 
2343 


000 
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We then subtract the 4 of 2 from 19... the remainder is 11..... 
step. 3. 

We put the next figwre 6 and the next araie for operation 
is 116.... step 4. : 


We then multiply the square of the cube root 2 by 3; the 
result is 27X3 = 12.... step. 5. | | 


We divide the number 116 by 12; and the result is 7; we 
mulfiply 12X7 = 84 and subtract 84 from 116, the remainder is 
32, which together with the next sea 8 becomes 328. We put 
this 7 against 2; the whole number is 27.... step 6. 


We then make the square of 7, multiply it by the first a4 
viz.2 and by 3. The number is 294 which is to be subtracted 
from 328 giving out (328-294=) 34..... step 8. 


We then take 3 from above; and write it again 34, giving - 
out the number 343. Subtract from this the cube of 7; this gives 
the remainder as zero. The process is complete... step 9. 


The Fa is 27 which is the Wa of the given number, 19683. 


‘It should be remembered that when we reach the stage of | 

in the process of finding out the cube-root, we have to 

subtract the cube of the number in the «ft; in all other stages, 
ie division is to be resorted to. . 


simp 
eee 
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Apendix: A 
Glossary of Technical Terms 


(The numbers in the brackets refer to the verses in the book) 
3 
agya (5) = a kind of a measure of length. 
ae (-t2, 28) = non-cube place. 
adx (13) sbtraction 
arg (12) = walt X 10 = 10!°; (15) last, final. 
afeadt (16) = added 
aug (18) abbreviating by dividing the nite by a common 
factor. 
seq (11) = age X 10 = 10° 
anffe (16) = any desired number. 
aaa (11) = wea X 10 = 10° 
age (11) = #f@ X 10 = 10° 
aftefa (20) = multiplication 


Sl 
area (8) = a measure of volume. 
ak (24) = first (from the right) 
aner (22) = next; (28) = first from mght. 
aml (22) = quotient. 
ae (22) = square of the quotient. 
Q 
ge (16) = any desirable number. 
Jv 


gapq (13) = in reverse order; from left to right. 
sara (15) = pen-ultimate. 

wid (14) = added 

sx (19) = moving to the higher or lower rank. 
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ih 


wa (16) = subtracted, less than. 


5 
wh (11) = the Wer; digital place, first place from the right. 
= 1=10° 
g 
tay (20) = addition 
a 


ax (6) = measure of length. 
apeorga (13, 15, 18, 19, 22, 24, 28) = Rule for mathematical 
operation. 
ay (4) = a kind of a weight. 
arfaft (2) = a kind of a coin. 
psa (8) = a measure of volume. 
apf (19) = square. 
aif (11) = Wat X 10 = 10’ 
wH (13) = in direct order from right to left. 
gist (5) = a measure of length. 
eq (6) = an area on/in a plane. 
gq 
wa (11) = set X 10 = 107° 
zarst (7) = a measure of volume. 
T 


qemorp (3) = a kind of a weight. 
Tet (3) = a kind of a weight. 
yr (16) = multiplier, multiplication 
yr (15) = multiplier 
qfert (16) = multiplication, multiplied. 
qoa (15) = multiplicand 

eq] 


aq (24) = cube 
era (29) = cube-root 
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aaeatd (28) = the cube-place. 
ater (7) = volume measuring a cubic 4d; a measure of volume. 


CO 
_ feea (17) = divided. 
T 
wef (12) = gH X 10 = 104 
| j 


cep (9) = a measure of volume 
cae! (22) = After subtracting. 
V ~ay (29) = to subtract. 
faara (24) = multiplication three times. 
faca; fafet (24) multiplied by 3. 
q 


aus (5) = a measure of length. 
wa (22) = one half of the numbers in the column of tf 
eq (11) = 1X10 = 10! 
agin (12) = each succeeding ten times (the preceding one) 
374 (2) = a kind of a coin. 
gm (8) = measure of volume. 
faq (denom. feqdd, 22) = multiply by 2. 
feard (19) = multiplication two times. 
feeq or RAE (20, 22) = multiplied by 2. 
q] 


gen (3) = a kind of a weight. 
afeat (9A) = a kind of a measure Of volume. 
qe (3) = a kind of a weight. 

4 


fread (11) = wd X 10 = 10"? 

fier (19) = multiplied. 

faada (6) = an area of 20 vamisa X 20 vaméga 
fie (2) = a kind of a coin 
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a 
gfeen (22) = a column called fh 
qo (2) = a kind of a coin 
qz (22) = result, answer 
qa (4) ='a kind of a weight 
get (12) = ata X 10 = 10”” 
grt (1) = method or the arithmetic. 
gga (11) - aa X 10 = 10° 
yea (8) = a measure of volume. 

i 


twat (16) =-result, answer. 


ami (16) = divided 
aa (with or without 7, fa) (28) = to divide. 
aper (18) = operation of division. 
ana (18) = the number to be divided, dividend 
aT (= eet, 5, 6) side, a measure of length. 

q 


ay (9, 9A) = a measure of volume. 
wera (11) = fread X 10 = 10}? 
apreratRat (7) = a kind of measure of volume. 
arg (4) = a kind of a weight. 
ya (22) = square root, cube-root. 
q 


aq (3) = a kind of a weight and (5) a kind of a measure of | 
length. 
gg (20) = addition. 
an (16) = added 
gfes (14) = addition. 
znaa (6) = measure of lenght / distance. 
x 


afer (19) = the number, result, answer, expression. 
wuafaart (16) = division of a number on the basic of its form. 
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aa (11) = agq X 10 = 10° 

esq (22) = quotient. 

astpft (22) = square of the quotient. 
efey (16) - quotient. 


q 
dat (6) = a measure of length. 
44 (20) = multiplication. 
qich (2) = a kind of a coin. 
at (21) = square. 
aa (22) = square root 
aft (16) = subtracted. 
qa (3) = a kind of a weight. 
faga (14) = subtracted. 
fasq (22) = odd. 
eadhett (13) = operation of subtraction. 
aap 
1 


a (11) = Fea X 10 = 107? 

aq (11) = at X 10 = 10° 

gq (18) = divide to get a quotient. 

a (9,9A) = a measure of volume. 
a 


apart / dafert (13) = operation of addition. 

WP (15) = multiplied. 

waaftit (1) = pure mathematics of real numbers. 

WA (18) = common; (22) even. 

waftard (24) = multiplication of the same number thrice. 

wafgard (19) = multiplication of a number by itself. 

wAfead (20) = added; 

Bad (16) = added. 

weg (11) = aq X 10 = 10° 

gat (4) = a kind of a weight. 

eurfaurt (17) = division of a number on the basis of places or 
ranks or levels. 
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V #4 (15) = to multiply 

ex (18) = quotient 

eed (5) = a measure of length. 
er (18) = divisor. 

lq (21) = subtraction. 

V & = to divide. 


gd (22) = divided. 66 
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Appendix B 


Modern symbols for the eight mathematical operations. — 


A. 1. Wafer 
2. Wort 
. at /aart 
. oft 
. Boa /aafrad /afead 
. Afra /aainfera 
7a, afin, aera 
8 tay 


TA” & WH 


aanferd 
aan 
faatt, frat 
é/aqda 
featsia 

. ot/e 


2) 2 ee eS 


et 
oa / Pet 
af /aftete 
ay /aa 
Rela 


oa ei 


ATER 
. ea 

. eR/R 

frat /afts 
ferro / faust 
_ Ta 


feos, 


NI AWA LHS 


plus sign like +, between the 
two numbers; thus 5+4; it is 
read as 5 plus 4 


- addition is indicated by the 


= subtraction is indicated by 
the minus sign like — between 
the two numbers; thus 5-4; it is 
read as 5 minus 4. 


= multiplication is indicated 

by the sign X or a dot between 
the two number; thus 5X4 or 5.4; 
it is read as 5 multiplied 

by or into 4. 


= division 1s indicated 
by the sign + 
between the two 
numbers; thus 5 + 4; 
it is read as 5 
divided by 4. 


E. 1. af 


2. ofa 
3. wafeard/feard 


wor 


G.1. 44 
2. wafaara / 


H.1. wet 


I. aa /aari 


J. aqada 
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square of the number is indicated by the 
number of the power to which the former is 
raised; it is written on the right top; thus 5’; it 
is read as 5 raised to the power of 2, or 5 
squared. The figure at the right top of the 
number is called as power or index or 
exponent. 


= square-root of the number is indicated by 
the sign 2 to the left top and before the 
number; thus 2/5; it is read as root 5 

or square root 5. Generally in 

square roots, the figure 2 is dropped and 
only one sign is used; thus V5 


= cube of a number is indicated by writing 
the exponent 3 at the right top of the number; 
thus, 5°; it is read as 5 cubed or 5 raised to the 


power of 3. 


cube-root of a number is indicated by the sign 3 
to the left top and before the number; 
thus 3/5; it is read as cube-root 5 


= equality of two numbers is indicated by the 
sign = (two horizontal bars) between the two 
number; thus, 5 = 5 or X = 5 etc; 

it is read as 5 is equal to 5 or X is equal to 5. 


= Abbreviation of a fraction by division by a 
common factor e.g. 10/4 = 5/2 etc. 
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Appendix : C 
Certain undefined / unstated / unexplained devices / techniques 


Certain devices or techniqnes in mathematics, especially is 
Sanskrit mathematics are not defined or explained or stated any 
where either in Lifavati or later mathematical works. Such techniqnes, 
therefore, require to be learnt from the teacher itself while studying. 
The following are some of the most simple and basic techniques 
which are not explained by Bhaskaradcarya while explaining the eight 
mathematical operations. These techniques are, therefore, collected 
together below in order to avoid confusion :- 


1. airat araat af: :- Though this phrase is very well-known and 
oft-stated and quoted in Sanskrit mathematics or in dealing with 
numbers outside the field of mathematics, it is nowhere explained 
or defined; not only this, but even its source is not traceable in 
any of the Sanskrit works, mathematical or non-mathematical. 


The phrase in its broken form looks like a pada of a verse 
in @4e% - metre. And the whole verse is as follows?:- 

sig gRUARIRATS, 

afe: cary safer | 

Te Star faretsor 

sara aacit afd: 


The whole verse, as it looks and its source indicates, seems 
to be an example of humour and seems to form part of a stock 
of phrases in the language, which are meant to be quoted as short, 
pithy phrases to create amusement and humour in the group of 
friends. Although it is from outside the mathematical context and 
thus has no source which is imathematicaliy authentic, it serves 
our purpose here. 


S_ cf. qaaikragercra; I am extremely thankful to Dr. R. P. Goswami, 
Assistant Librarian, CASS, University of Poona, Pune for tracing 
the verse to the above-said text. 
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What the phrase aami adt afd: means is. that the order of. 


the number-words written’ or spoken should be. reversed while 
transforming them into number- symbols. We know that the number 
could be spoken only in one way, that is, by using the words. 
But they can be written in two ways : first, we can. write the 
words for the numbers, and/or secondly, we can write the symbols 
for the numbers. Thus, the word dvi-sapta can be spoken’ only 
‘na words; but while put to writing, it can be written as feaa (with 


words) or as 72 (with symbols for fg and aa). It is at the time 


of writing the number - words in terms of number - symbols that 
the rule Saya avait Tf: has to be applied. Thus, while writing 
the symbols 2 (for f8) and 7. (for wa), the order, which following 
the wording will be 27, should be reversed to 72 and will mean 
the number ‘séventy-two’ and not ‘twenty-seven.’ The rule sii 
amadt afa:, therefore, is to be followed at the stage of writing 
the spoken number-word in terms of a number-symbol. : 
This techmnaqnie can. be learnt only through the teacher. 
2. Numbers ‘in hand’ 


While going seal a mathematical operation, one faces 4a. 


situation in which the result contains two, instead-of one, numbers 


with different ranks. In such cases, we take the number of the | 
higher rank as one ‘in hand’ and carry it on to the next rank. 
while performing the next operation. In such cases: we say ‘the: 


number is in hand’ or ‘is. carried on further to the next .rank.’ 
Consider for exmple the following instance of the addition ef 


— | 


+ 97] | 
1___ number in hand © 
‘arp: = - 176 


The total of the CRIT gives us 16 in “whieh 1. is the number 
of the higher: rank of ea; we carry, it further by saying ‘it is. in 
band: , 





6. Why ? for a detailed discussion, cf. M. D. PANDIT, ibid, pp. 
80-90. | . iu 





: 
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This technique also is nowhere stated but has to be learnt 
only from the teacher. 


3. Rules for knowing whether a given nuns is divisible by 2, 
3 and/or 5 :- 


We sometimes want to divide a number by the numbers 2. 
3 and/or 5. It is very convenient to know before-hand whether 
the number is divisible by the given number. The difficulty is all 
the more felt in the case of very big numbers: In such cases, following 
rules should be followed before we actually go for the operation 


of division:- 


3.1. Rule for divisibility by 2: 
If the given number, however big or small, has the number 
2, 4, 6, 8 and 0 at its digital place ie. WheenH, the number js 
| safely divisible by 2. Thus, to take the example of a big number 
like the following, 

a 1234567890 

Since the number ends in 0, it is definitely divisible by 2; and 
- the division is 
: 617283945. 


One ¢an try by puting 2, 4, 6 and 8 in the CRIA, 


3.2. Rule for divisibility by 3 : , 

If the total of all the digits in the given number, big or small, 
is divisible by 3, then the whole number is definitely divisible by 
3. Thus, since the total of all the digits in the above - given big 
number is 45, (i.e. 14+2+34+44+5+6+7+8+9 = 45), the whole number 
“8 cennitsly divisible by 3; and the answer of the division js 
411522630. | | | 


3.3 Rule for divisibility by 3 <- : | 
If. the given number, big or small, has S$ or O at its’ digital: . 
place i.e. Wari, the number can safcly be divided by 5. Thus, 
since the number 1234567890 has O at the digit - PIESE, it can - 
be divided by 5; and the result is 246913578 
By civib Buty we mean i pet after the operation of division is 


Aa) 


complete, the remainder is zero. 3 

These rules are also not given in any of the Sanskrit texts 
on mathematics; they have to be learnt from the teacher’ at Liew | 
time of studying the subject. : | | 








— 
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Appendix :D 
- Word - Numbers - 


| Besides. the number - words WW, fg etc. used for the 
_number-symbols, the ancient Indian mathematicians used another 
type of words for numbers which we may call as ‘word-numbers’ 
or -‘word-numberals’.’ The mode of signifying numbers by 
word-numerals is as follows. We find that certain things exist in 
groups which have a fixed number of elements or entities or 
_ constituents: The eyes, for example, are always seen to exist in 
| twos; there is no creature on the earth, or at least a human being 
ever born, with eyes having with less or more number than two. 
The Sun or the Moon is always one. The ancient Indian 
mathematicians collected all such groups, or what may be called 
in.mathematics as sets, with always a fixed number of elements 
in them and used the words for the sets themselves for Signifying 
the actual mathematical numbers. Thus we have in the verse no 
“17 the word fearex au; feaiex = the Sun; besides signifying the 
number 1, it also signifies the number 12 which can astronomically 
be interpreted as referring to the 12 forms of the Sun which he 
assumes in his course through the 12 zodiac signs and hence 12 
months. The word fg-si-grg in verse no, 9A refers to the number 
(192:.f% = 2; 3 = 9 and sge= 1. We find such phrases and compounds 
of word - numberals ‘spread abundantly throughout Sanskrit literature, 
not only mathematical and astronomical but the non- mathematical 
also. ) 


7° for a detailed discussion on this topic and on the different modes. 
of: expressing numbers, cf. G. H. Khare, Samsodhakaca Mitra (in 
Marathi), Bharat Itihis Sarngodhan Mandal Pune, 1959; also Sridhar 
Samrao Hanamante, ‘Samketa Kosa, Solapur, Sake 1885 (1963 A 
D); cf.-also Oza Gaurishankar Hirdcand, Bharatiya Pracina Lipimala, 
“Munshi Ram Manohar Lal, New Delhi, 3rd. Ed. 1959; cf. also, 
A.K. Bag, Mathematics in Ancient and Medieval India, Chaukhambha 
Orientalia, Varanasi, 1979, pp. 69f. 
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It should also be noted that while interpreting these word - 
numbers, the rule 3imrMi aact wf: must also be applied; thus, fe 
_ aim - 3%, literally transformed into number - symbols will be 
2-9-1; it is then reversed and the actual number meant is 192. 


It is impossibe to list all the possible word-numbers for the 
numbers; the following list of word-numbers, however, Is appended 
here as a sample. It is reproduced from Oza's book entitled Bharatiya 
Pracin Lipimdld. : | 


0 = gat, G, TH, ree, alae, ors, Rat, ain, ofaRRer, TH, gh, ST aa, 


1 = anf, af, 3 fay, aa, icy, gharisy, WA, Aiis, GIN, Ast, 

> = mA, aA, Aad, ANA ag. cea, aa, aff, sft, aa, 7aq, sam 
gal, ad, OX, wo, Ha, aS, Jew, VW, VAT, By, ae, ara, 34, 

3 = WF, aor, Ayo, ate, form, yr, ara, fare, fra, fata, week, 
aff, afet, Wan, dahX, cet, TA, RM, Sach, fife, Pas, 

4 = 2, Yt, Tas, UR; afer, wre, safer, weiter, sigft, he, at, 

| sor, 31, Fh FA oe, ara, Re (Ren) sy, ws, TH ante. 

5 = a, We, Was, BF, wet, uf, gr, vied, af, fava, FeryG, a, Shea, 

6 = WH, WT, TA, Hd, Are, aft, wT, ai, ama, ah, wR snle. 

72 a4, 3, WA ddd, ga, aif. fi, aft, af, af, ax, =X, Ag, 
aq, Tet, a, Ba, Ml, wer, amie. | } 

g = ay, afe, AM, Tm, ee, fer, eta, anit, gor, fe, ag, aa, 


D 
3 
4 
3 
» 


1] = 0%, BR, R 


13 = fasdea:, aA, afer, sears amfe. 
14 = 44, faen, es, am, ole ane. 
15 = feet, aa, fea, areq, sar ome. 
16 = 39, 3, wala, af&, Hem afc. 
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17 =sraf® 18.-9f 19. = affsff 20 = aa, aff. 

= wept, wpe, KH. 22 =. Ht, fa. 23 = Agha. 
24 = wad, fir, aéa, fe ale. 25 = a. 27.= Aaa, Uy, 4 anf, 
32 = Gd, Xe, fea, a anfe.. 33 = eq, waR, fag, © ae. 
40-9. 48-077. 49 = 4m. | 


Word-numbers -for fractions :- 


1/2 = aa, ae. 

1/4 = ao, ue, afe 

3/4 = qreaa, ape. 

1/10 = age. 

1/9 = Aaaed. - 
1/63 = fasta. 
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Appendix : E 
Water AERIS: 


The following is | \e text of the saa with proper reference to 
w' ch the text is prepared :- 
ss : wg 1. dA. | 
aaa carr fas: GRA: NW GRA STMT I..1. 

aor HETTT, | tara BRIA, 2. 

— affearan SAI URI, 3.1.1. 
fey wear fat Raa SRA, 4.1.1. 

qsafdatt MAA GRA aR, 4.1.1. 

ay cant tT Il gaagds aorta dea, 1.1 
aa. on ate A I aS 1.1.1 
a ay oars side (Gq), 1.1.1 
asta CAAT | MIATA 1.1.1 
qarare; ward: Ml fem, hh 
. WW fTATOrS a, 1k. 


qatar II qerrwranias, 1 
aye frat gaeanra ll giftria fsa, 1 
gferreq I oferta srereareh, 1.1.1. 
arias astaetat asda: Sle, 1.1. 
arene ARGS WHET, Wd. 
gor ef IRI: 1 earl, quoted by aatgaarafet (2.9) 
geray epffasira Wl AARARGA, 1.1.1. | 
goray HEIGISIRA Wl TERA, -1. | 
nas sifa: aifa: aif: 
if we examine the sources of the above quotations taken 
from the different texts, we find there are in all 18 texts which 
are referred to. They are (in the order of the sas): 


the books from 
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oO NANAWNE 


18. wea | | 
Out of these, maximum i. e. 5 references are taken from = 


aru alone; the tara aiwam, therefore, can be taken to represent 
the avge literature. The four references from the four main vedic 
samhitas viz. ™e, Geagds, ade and spas represent the. 
Samhita-texts in general. The {Ra ste stands for the 3 literature 
the ara silage stands for the whole 4iq literature. The : 
symbolises the 7 literature. The apacqaezft stands for eye 
 jiterature. The Fed represents the giterq literature. The eas from 
the of Maka and eK or the SRA stand for the Us philosophy 
‘and the suffad philosophy respectively. The fies and flavg, the 
urferita fier, the serait, the fTte<sEa and the tem waa represent 
respectively the five a<its, viz. Fem, Ret, a, BY and why 
which are accepted as helping the Vedic interpretation. The PARES, 
which are also one of the deals are not included in the above 
list, though one can include them under the sia represented by 
The list given in the #@4si, therefore, practically covers the 
whole of Vedic literature, as also the Vcedangas. ; 
The Science of pure mathematics, however, is. conspicuously 
absent from the above enumeration; one may include it under 
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qeieafes, though it must be noted, dem satfay contains very less 
of applied mathematics and does not contain pure mathematics 
at all. 

Another important point which deserves notice is if the initial 
stanzas are taken to represent the type of literature from which 
‘they are quoted, the tag ae, the ward samvgg and the Seer. 
sitaya will represent respectively the Ma, savas and sy. 

It will be seen that the above s@ust belongs to the Rgvedic 
recension. 

The different Vedas have different das texts. Every Veda starts 
the aqast with its own recension. Thus, the 3d starts with afftes 
qifaq | The aeagde begins with gy slvkal. The wade recites 
first its own 37 s1aifé dtrat and the sede gags; commences with 
the first 44 of itself, viz. ef 7 cdkfied. After the recitation of the 
initial vedic 44 follow their auxiliary sciences, that is, their dais. 

It is to be specially noted that none of the four a@as texts 


counts mfra as the dei. 3g" | 


——— “= 
* Tam very much thankful to Dr. (Mrs.) Manik Thakar, Dr. (Mrs.) 
Anuradha Pujari and Dr. (Miss) Nirmala Kamat for providing me 


the proper references of the texts which are the sources for the 


gas. 
eee 
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Appendix F 


English eqnivalents for place - values of the - 

by Bhiskaracarya. ~~ | piace. = mann shred 

Why, - digital place; digit = numbers from 0 - 9. 

<a - decimal place; ten = 10! 

aq - hundred’s place; hundred = 10° (2nd power of 10) 

wea - thousand’s place; thousand = 10° (3rd power of 10) 

Yad - million’s place; million; a thousand thousand = 10° (6th 

power of 10) 7 

yea - a million million’s place; a million million, billion: second 

power of a million; (million)? : 
The English language has no separate names or words for the 

other terms given by Bhaskaracarya. It, however, contains two more 

terms for which there are no equivalents in Sanskrit; they are - 

Eng. ¢rilion = a million million million’s place; a million million 

million; third power of a million i.e. (million)?; this number and 


place are equivalents to Bhaskaracarya’s wey x 10 = 1g! ankves 


of 10 i.e. 10"°. : a 
Eng. decillion = 10" power of million = (million)!° which comes 


to the 60"" power of 10, Le. 10° (1 with 60 zeroes). It has no 
Sanskrit equivalent; decem + mullion = decillion Etymologically, Eng 
billion = bi + million and triton = tri + million. In France and 
_ US, billion = a thousand million i.e. = 10? which is Bhaskaracarya’s 
aq. In Britain, the value is 10". Incidentally, Bhaskaracarya’s 
gut is equal to: half-Ifte, that is, 50 divine years of gaéa. Grey 


= ORY at = half of the highest. 
| | e000 


ow 


Editions, Translations, Commentaries and 
Bibliography for Lilavati. 


Sr. No. Author 


AON G MOM FS Cw A 


wm AP ae OUD ll UC CUCULlUClUCODlhlUCUe CC. DD 
wADdOAKR GCM Lk WH wo O 


XY 


APT 
TRE 
ARI Hs 
PTET 
aeslart 
WAP <A 
quer 
TMT est 
thsi 
Filed 


CTA 


— - Relea 


Fela 

GFA cae 

ww. a. Hoge 
Weselernre 
GTGRES at 
Wa MRA 

wear fsraue 
dfsa fray 
qfsa <arrey 
dfsa gular feat 
dfsa wacaeqd wf 
eRords aril 
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Commentary 


gest Grafaer) 


aRaararsay (ffararfscit) 


Aletadfaaur 


ATTA. (STi) 
 (gasit) 
(art) 
(ART) 

weerfgtar (feet) 
(feat) - 
“" (féet) 

1 (2) 

Usa (fect) 

eanquapray (fet) 

waa (SAM) 


% 


Saka 


92549 
9202 
q29¢ 
4382 


4822 


98kO 


qv&o 
94408 
q430 
q48RQ 
G44 
9408 


ASS 


4338 


4340 


934% 
G¥2O 
4400 
15th 
943¢ 
q484 
G46 


in k-or4 


4&R20 
9834 


cent. . 


G40 


929% 
9¢99 
9¢2¢8 


G28 . 


9¢83 


420% 


9233 
9848 
9890 
9394 
9330 


Besides, FO7 are, RETA, Jaret, eeax, fea varia emarR (1900AD) 


have also written ‘heir commentaries on Bhaskaracdrya’s Lilavati. 


25) M. D. PANDIT, Mathematics As Known to the Vedas, Vol. 
I, Indian Books Centre, New Delhi, 1992. 
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26) D. E. Smiru, History of Mathematics, Vols. 1 & Il, Dover 
Publications Inc., New York, 1923. 


27) A. 8. Heh, cfewadt gadéeft (in Marathi), garo WA, waa ws 
alex, Hag, 1971. 


The. list of commentaries on LilavaiT is not exhaustive; not 
only this; but even some of the commentaries are incomplete, 
unintelligible and currupt. There may be some more, scattered here 
and there, which are still not brought to light; for details, cf. 7. 
a. died, ured valfraaa, Aryabhisana Press, Pune, 1931, pp. 
246-254, 257, 279 etc. 


ERRATA 


incorrect 


widependent (foreword, 
p.3. line 15) 


whanimously (foreword, 
p3. line 16) 


indics (p.36, line 9) 


correct 


independent 


unanimously 


indices 
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